Chapter 4. Classification methods
Part 3
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1 Classification with more than 2 classes

Suppose each sample X = (x1,...,X,) belongs to one of J classes, J is 2 or more. Denote

the classes by C},j =1, ..., J. How can we do the classification?

1.1 Classification by multivariate linear regression

Suppose we have sample X;,i = 1,...,n. We form J indicator responses Y7,...,Y;: if
X; € Cj, then let Yj; = 1 otherwise Yj; = 0 (or -1). We also call the values of Y the
scores.

Now for each Y}, we can use linear (or other models such as logistic model, single-index

model, MARS, PPR) to fit the data
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Y2 = Bjo + ﬁjTXz + &1

Yin = Bjo + 8] Xn +€j1.
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We have J models with the same X. The estimation for each model is based on minimizing

1 — Xbj*



The solution (estimator) is
Then the fitted Y is

where S = X(XTX)~!XT. The fitted error is
1Y) = Xb;|* = [|(1 = S)Y;|?
Then the models can be written as
Y =XB+¢&
To estimate B, we need to minimize
J
DoIIYG = Xbl]? = tr{(Y = XB) (Y - XB)}
j=1
Again, the estimator is
B=XTX)"'XTy
The fitted error is
J ~ A
DY =Xb|P = tr{(Y -XB)' (Y -XB)}
j=1
= tr{Y' (I -8)Y}

Now for a new sample X,,¢,, we can predict its Y by

A~ A~

Yoew = (Ynew,b ---yYnew,J) = (LXT )B

new

We class Xy bassed on softmax probability

A~

R exp(Ynew,j)

~ ~

exp(Ynew,1) + .- + exp(Ynew, )
Note that

pr+...+p;=1

pj can be taken as the probability that X,., € Cj. We can classify it easily based on the
probability.



1.2 Optimal Scores

A simple criterion is that the fitted error should be small. One way to achieve this is by
optimizing the scores. The original score is Y. we consider a matrix © : J x K with K < J

such that ©T(YTY)O = I (identity matrix). K is called the dimension. The new score is
Y"=Y06
How to find the score? we need to minimize the fitted error
tr{(Y)T(I-8)Y*}=tr{®@TY (I -S)YO}
Algorithm

Step 1

Step 2 We optimize scores by matrix © which is the eigenvector matrix of Y'Y with nor-

malization ©T (Y TY)0O.
Step 3 Go to step 1 with B replaced by BoO .

1.3 Flexible discriminants analysis (FDA)

A refined version of the above approach is the Flexible discriminants analysis.
Besides linear regression model, we have other models for the relation between Y; and

X. Examples are PPR and MARS.

2 Examples

Example 2.1 Speaker independent recognition of the eleven steady state vowels of British
English using a specified training set of lpc derived log area ratios. ((training set)|, (val-
idation set)|), we use SVM and fda to classify the data. The response variable has 11
categories. There are 10 covariates xi,...,X19. we use the training data to estimate the
separating plane and validation set to check the methods.

SVM method: The error rate for the testing set is 0.3831169 (using kernel="radial’,

gamma = 0.3) ((code))


http://www.stat.nus.edu.sg/~staxyc/DMvowel1.dat
http://www.stat.nus.edu.sg/~staxyc/DMvowel2.dat
http://www.stat.nus.edu.sg/~staxyc/DMvowel2.dat
http://www.stat.nus.edu.sg/~staxyc/c4c1fda.R

FDA method: The error rate for the testing set is 0.4935065 (using method = mars,
degree = 2); 0.5692641 (using method = ppr, nterms = 2); ((code))
CART method: The error rate for the testing set is 0.6082251 ((code))

Example 2.2 The Waveform data was designed to check the performance of classification

methods. The data is generated by

Xi=Uxhi(j)+ (1 =U) *ha(i) + ¢ class 1
Xi=Uxhi(j)+ (1 =U) xh3(i) +¢ class 2

Xi=Uxho(j)+(1—U) xh3(i) +¢; class 3

where j = 1,...,21. Uis uniformly on (0, 1) and €; are N(0, 1). The hy are shifted triangular
waveforms: hi(i) = max(6 — |j — 11],0), ha(i) = h1(j — 4) and h3(i) = h1(i + 4).

With 300 ((training points), and 500 (validation points)),

SVM method: The error rate for the testing set is 0.164 (using kernel="radial’) ((code))

FDA method: The error rate for the testing set is 0.192 (using method = mars, degree
=2)

Some times the classification can be visualized in two dimensional space. See figure

for the waveform data.
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Discriminant Plot for predict classes
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Figure 1: plot(output)
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