


Du � ~1 � an !u0 �
1

2
$I � u0u0

�%~u� u0 !�
1

2
n�1Wg0

�(
i�1

n

g '~u0
�Xi !nu0~Xj !«i

� o~n�102 !,

where

an � � 1

2
n�1F �Wg0

�(
i�1

n

g '~u0
�Xi !nu0~Xj !«i � o~n�102 !��h 2 � o~1!+

It is easy to check that 6 Du6 � 1 � an � o~n�102!+ Thus

Du06 Du6 � u0 �
1

2
$I � u0u0

�%~u� u0 !�
1

2
n�1Wg0

�(
i�1

n

g '~u0
�Xi !nu0~Xi !«i

� o~n�102 !+

Let u~k! be the value of u after k iterations+ We have

u~k�1! � u0 �
1

2
$I � u0u0

�%~u~k! � u0 !�
1

2
n�1Wg0

�(
i�1

n

g '~u0
�Xi !nu0~Xi !«i

� o~n�102 !+

Recursing the preceding equation, we have

u~k�1! � u0 �
1

2k
$I � u0u0

�%~u~1! � u0 !

� �(
i�1

k 1

2i
� n�1Wg0

�(
i�1

n

g '~u0
�Xi !nu0~Xi !«i � o~n�102 !+

Thus as the iteration k r `, Theorem 4+2 follows immediately from the pre-
ceding equation and the central limit theorem+ �

Proof of Corollary 4+3+ If « is independent of X, we have

SrOPG � E $g '~u0
�X !2W~X !�%s 20E $g '~u0

�X !2 %2

and

SrMAVE � @E $g '~u0
�X !2W~X !%#�s 2+

Let A � $g '~u0
�X !%�2W~X !� and C � �g '~u0

�X !�2~EA�!�+ Then,

SrOPG � SrMAVE � s 2E $g '~u0
�X !4 @A1020Eg '~u0

�X !2 � C~A�!102 #

� @A1020Eg '~u0
�X !2 � C~A�!102 #� %

� 0+
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Thus, the first part of Corollary 4+3 follows+ Without loss of generality, we
assume that X is standard normal+ We have

E~X 6u�X ! � u~u�X !

and

E~XX � 6u�X ! � uu�~u�X !2 � E~u�X !2~I � uu� !+

Thus,

SrOPG � SrMAVE � ~I � u0u0
�!s 20$Eg '~u0

�X !2E~u0
�X !2 %+

We have completed the proof of the second part+ �

6.1. Proofs of the Lemmas

Proof of Lemma 6+1+ It follows from Lemma 6+6 and

E $Kh~u
�Xix !~u

�Xix !
dm~u�Xi !%

� fu~u
�x!m~u�x!md � $ fu~u

�x!m~u�x!% 'md�1 h � O~h 2 !,

where md � *v dK~v! dv+ �

Proof of Lemma 6+2+ By Lemma 6+6, we have

Sn
u~x! � fu~u

�x!� 1 nu
�~x!

nu~x! Kwu~x!
�� O~tn !~1 � 6x 62 !,

where Kwu~x! � wu~x! � xmu
�~x! � mu~x!x � � xx � + If fu~u�x! � n�e , then

$Sn
u~x!%�1 � fu

�1~u�x!� c~x! gu
�~x!

gu~x! Uwu~x!�
�� O~tn ne !~1 � 6x 62 !, (12)

where c~x! � $1 � nu
�~x! Kwu~x!�nu~x!%�1 and gu~x! � � Uwu~x!�nu~x!+ By the

Taylor expansion of g~u0
�Xi ! at u0

�x and u0 � u � ~u0 � u!, we have

Yi � g~u0
�x!� g '~u0

�x!u0
�Xix �

1

2
g ''~u0

�x!~u0
�Xix !

2 � «i � O~6u0
�Xix 63 !

� g~u0
�x!� g '~u0

�x!u0
�Xix �

1

2
g ''~u0

�x!~u�Xix !
2 � «i � Dn~x, Xi ,u!,

(13)
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where Dn~x, Xi ,u! � O~6u0�Xix 63 � 6u�Xix 6{6Xix 6du � 6Xix 62du2!+ It is easy to
check that

$nSn
u~x!%�1(

i�1

n

Kh~u
�Xix !� 1

Xix
�$g~u0�x!� g '~u0

�x!u0
�Xix % � � g~u0

�x!

u0 g '~u0
�x!

�+
(14)

Note that m2 � m0 � 1+ It follows from Lemma 6+1 that

$nSn
u~x!%�1(

i�1

n

Kh~u
�Xix !� 1

Xix
�g ''~u0

�x!~u�Xix !
2

� � c~x! gu
�~x!

gu~x! Uwu~x!�
�g ''~u0

�x!� 1

nu~x!
�h 2 � O~h 2tn ne !~1 � 6x 62 !

� O~h 2tn ne !~1 � 6x 62 !+ (15)

By Lemma 6+6, it follows that

n�1(
i�1

n

Kh~u
�Xix !� 1

Xix
�6u�Xix 6k 6Xix 6� � O~h k !~1 � 6x 6��1 !,

k,� � 0,1,2,3+

Thus,

$nSn
u~x!%�1(

i�1

n

Kh~u
�Xix !� 1

Xix
�Dn~x, Xi ,u!

� O$~h 3 � hdu� du
2!ne %~1 � 6x 64 !+ (16)

For the noise term, we have from ~12!

$nSn
u~x!%�1(

i�1

n

Kh~u
�Xix !� 1

Xix
�«i

� $nfu~u
�x!%�1� c~x! gu

�~x!

gu~x! Uwu~x!�
�(

i�1

n

Kh~u
�Xix !� 1

Xix
�«i � O~tndn ne !

� $nfu~u
�x!%�1(

i�1

n

Kh~u
�Xix !�c~x!� g�~x!Xix ~1 � 6x 62 !

Uwu~x!�$Xi �mu~x!%
�«i

� O~tndn ne !~1 � 6x 62 !+ (17)

Combining ~13!–~17!, we complete the proof of Lemma 6+2+ �
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Proof of Lemma 6+3+ It follows from Lemma 6+1 that

Sn
u~x! � � fu~u

�x! fu
'~u�x!h

fu
'~u�x!h fu~u

�x!
�� O~tn !+

Thus, if fu~u�x! � n�e then

$Sn
u~x!%�1 � fu

�1~u�x! �I � fu
�1~u�x!� 0 fu

'~u�x!h

fu
'~u�x!h 0

�� � O~tn ne !+

(18)

Rewrite ~13! as

Yi � g~u0
�x!� g '~u0

�x!u�Xix �
1

2
g ''~u0

�x!~u�Xix !
2 � g '~u0

�x!~u0 � u!�Xix

� «i � Dn~x, Xi ,u!+ (19)

It is easy to see that

$nSn
u~x!%�1(

i�1

n

Kh~u
�Xix !� 1

u�Xix 0h
�$g~u0�x!� g '~u0

�x!u�Xix %

� � g~u0
�x!

g '~u0
�x!h

�+ (20)

Now, by Lemma 6+1 we have

$nSn
u~x!%�1(

i�1

n

Kh~u
�Xix !� 1

u�Xix 0h
�Xix

�~u0 � u!g '~u0
�x!

� �g '~u0
�x!nu

�~x!~u0 � u!

O~hdu!~1 � 6x 6!
�� O~tndu ne !~1 � 6x 6!+ (21)

Again, by Lemma 6+1 and ~18!, we have

$nSn
u~x!%�1(

i�1

n

Kh~u
�Xix !� 1

u�Xix 0h
�g ''~u0

�x!~u�Xix !
2

� � g ''~u0
�x!h 2

g ''~u0
�x! fu

'~u�x!h 3�� O~htn ne !+ (22)
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Similar to ~16!, we have

$nSn
u~x!%�1(

i�1

n

Kh~u
�Xix !� 1

u�Xix 0h
�Dn~x, Xi ,u! � O$~h 3 � du

2!ne %~1 � 6x 63 !+

(23)

For the noise term, we have from ~18!

$nSn
u~x!%�1(

i�1

n

Kh~u
�Xix !� 1

u�Xix 0h
�«i

� $nfu~u
�x!%�1(

i�1

n

Kh~u
�Xix !� 1

u�Xix 0h
�«i � O~tndn ne !+ (24)

Combining ~19!–~24!, we complete the proof of Lemma 6+3+ �

Proof of Lemma 6+4+ Let ~u,B! be an orthogonal matrix+ By Lemma 6+1, we
have

n�1(
i�1

n

Kh~u
�Xix !u

�Xix Xix
�u � fu~u

�x!h 2 � O~h 2tn !,

n�1(
i�1

n

Kh~u
�Xix !u

�Xix Xix
� B � ~ fu~u

�x!nu
�~x!!'Bh 2 � O~htn !~1 � 6x 6!,

n�1(
i�1

n

Kh~u
�Xix !B

�Xix Xix
� B � fu~u

�x!C u~x!� O~tn !~1 � 6x 62 !,

where C u~x! � B� Kwu~x!B+ Note that Zfu~u�x! � fu~u�x! � O~tn!+ Therefore,

$n Zfu~u�x!%�1(
i�1

n

Kh~u
�Xix !Xix Xix

�

� ~u,B!� h 2 Fu
�~x!h 2

Fu~x!h
2 C u~x!� O~tn ne !

�~u,B!�
� O~htn ne !~1 � 6x 62 !,

where Fu~x!� B�$ fu~u
�x!nu~x!%

'0fu~u�x!+ By ~11!, dx
u� g '~u0

�x!� O~tn n2e0
h!~1 � 6x 64!+ Note that E $g '~u0

�Xj !
2C u0~Xj !%� 2B0

� Wg0 B0 + Denote by Dn
u the

left-hand side of Lemma 6+4+ Then
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Dn
u � n�1 (

Xj�Dn

rn~ Zfu~u�Xj !!~dj
u!2$n Zfu~u�Xj !%

�1(
i�1

n

Kh~u
�Xij !Xij Xij

�

� ~u,B!n�1 (
j�1

n �g '~u0
�Xj !

2� h 2 Fu
�~Xj !h

2

Fu~Xj !h
2 C u~Xj !� O~tn ne !

�
� O~htn ne !~1 � 6Xj 66 !�~u,B!�

� ~u,B!�Eg '~u0
�X !2h 2 F �Bh 2

B�Fh 2 2B�Wg0 B � O~tn ne !�~u,B!� � O~htn ne � du!,

where F � E $g '~u0
�X !2Fu0~X !% + The law of large numbers ~Chow and Teicher,

1978, Cor+ 2, p+ 122! is used for the summation of 6Xj 66+ Therefore by the matrix
inversion formula in blocks ~Schott, 1997!, we have

~Dn
u!�1 � uu�~Eg '~u0

�X !2 !�1h�2 �
1

2
$B EDB�Fu� � uF �B EDB� %

�
1

2
B EDB� � O$~htn ne � du!0h 2 %,

where ED � ~B�Wg0 B!�1 + Note that B � B0 � du+We have ED � ~B0
�Wg0 B0 !

�1 �
du+ By the definition of the Moore–Penrose inverse, we have

B0~B0
�Wg0 B0 !

�1B0
� � Wg0

� +

Thus Lemma 6+4 follows from the facts that BB� � I � uu� � I � u0u0
� �

O~du! and u0
�Wg0 � 0+ �

Proof of Lemma 6+5+ By Lemma 6+3, we have

dx
u u0

�Xix � g '~u0
�x!u0

�Xix � En,2u0
�Xix 0h

� O$~htn � du
2!ne0h%~1 � 6x 64 !6u0

�Xix 6+

Therefore,

Yi � ax
u� dx

u u0
�Xix � «i � g '~u0

�x!nu
�~x!~u� u0 !

�
1

2
g ''~u0

�x!$~u�Xix !
2 � h 2 %

� En,1 � En,2u0
�Xix 0h

� O$~htn � du
2!ne %~1 � 6x 64 !~1 � 6u0

�Xix 60h!+
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By Lemmas 6+1 and 6+3, we have for the third term on the right-hand side of
the preceding equation

n�2 (
j�1

n

rj
udj
ug ''~u0

�Xj ! Zfu
�1~u�Xj ! (

i�1

n

Kh~u
�Xij !Xij $~u

�Xij !
2 � h 2 %

� O~h 2tn ne !+

By Lemma 6+6 and Corollary 2 in Chow and Teicher ~1978, p+ 122!, we have

n�2 (
j�1

n

(
i�1

n

Kh~u
�Xij !~1 � 6Xj 64 !~1 � 6u0

�Xij 60h! � O~1!n�1 (
j�1

n

6Xj 65 � O~1!+

Let Nn
u be the left-hand side in Lemma 6+5+ By Lemma 6+3 and the above two

equations in this proof, we have

Nn
u � S0n~u� u0 !� Nn � Rn � o~n�102 !, (25)

where

Nn � n�2 (
i, j�1

n

rj
u Zfu

�1~u�Xj ! dj
uKh~u

�Xij !Xij «i ,

S0n � n�2 (
i, j�1

n

[rj
u Zfu

�1~u�Xj ! dj
uKh~u

�Xij !Xij nu
�~Xj !g

'~u0
�Xj !,

and

Rn � n�2 (
i, j�1

n

rj
u dj
u Zfu

�1~u�Xj !Kh~u
�Xij !Xij $En,1~Xj !� En,2~Xj !u0

�Xij 0h%+

By Lemma 6+1 and ~9! and ~10!, we have

S0n � Wg0 � O$~tn � du!0h%+ (26)

Let Dij � rn~ fu~u
�Xj !!g

'~u0
�Xj ! fu

�1~u�Xj !Kh~u
�Xij !Xij + We have E $Ej Dij �

g '~u0
�Xi !nu~Xi !%

2 � O$~h 2 � du!
2% + Note that En,1~x! � O~dn ne ! and

En,2~x! � O~dn ne !+ By Lemmas 6+6 and 6+7, we have

Nn � n�2(
i�1

n

(
j�1

n

$Dij � Ej ~Dij !%«i � n�1(
i�1

n

Ej ~Dij !«i � o~n�102 !

� n�1(
i�1

n

g '~u0
�Xi !nu~Xi !«i � o~n�102 !+

Let Fij � Kh~u
�Xij !Xij +We have Ei~Fij !� nu~Xj !� O~h 2!~1 � 6Xj 6!+ Note that

Enu~Xj ! � 0+ By Lemma 6+7 in Section 6+2
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Rn � n�2 (
i, j�1

n

rn~ fu~u
�Xj !!Fij g '~u�Xj ! fu

�1~u�Xj !

� $En,1~Xj !� En,2~Xj !u0
�Xij 0h%� o~n�102 !

� n�1 (
j�1

n

rn~ fu~u
�Xj !!nu~Xj !g

'~u�Xj ! fu
�1~u�Xj !

� $En,1~Xj !� En,2~Xj !u0
�Xij 0h%� o~n�102 !

� o~n�102 !+ (27)

Thus Lemma 6+5 follows from ~25!–~27!+ �

6.2. Two Supplementary Lemmas

LEMMA 6+6+ Suppose mn~x, Z!, n � 1,2, + + + , are measurable functions of Z
with index x � R

d, where d is any integer number, such that (i) 6mn~x, Z!6 �
an M~Z! with E~M~Z!r! � ` for some r � 2 and an increases with n such
that an � c0 n1�20r; (ii) E~mn~x, Z!!2 � an m0

2~x! with 6m0~x! � m0~x
'!6 �

c6x � x '6a1 , where a1 � 0 and c � 0 are two constants (without loss of gen-
erality, we assume m0~x! � 1); and (iii) 6mn~x, Z ! � mn~x

', Z !6 �
6x � x' 6a1na2G~Z! with some a2 � 0 and EG2~Z! exists. Suppose $Zi , i �
1, + + + , n% is a random sample from Z. Then, for any positive a0, we have

sup
6x6�na0

6$m0~x!%
�1n�1(

i�1

n

$mn~x, Zi !� Emn~x, Zi !%6 � O$~an log n0n!102 %+

Proof of Lemma 6+6+ The “continuity argument” approach is used here+ See,
e+g+, Mack and Silverman ~1982! and Härdle et al+ ~1993!+ For ease of expo-
sition, let mn~x, Z! denote mn~x, Z!0m0~x!+ Note that Dn �

def

$6x6 � na0 % is
bounded and its Borel measure is less than nd�a0 + There are na4 ~a4 � d � a0!
balls Bnk

centered at xnk
, 1 � k � na4 , with diameter less than cn�~2�a2 !0a1 , such

that Dn � �1�k�na4 Bnk
+ Then

sup
x�Dn

� 1

n (i�1

n

$mn~x, Zi !� Emn~x, Zi !%�
� max

1�k�na4
� 1

n (i�1

n

$mn~xnk
, Zi !� Emn~xnk

, Zi !%�
� max

1�k�na4

sup
x�Bnk

� 1

n (i�1

n

@$mn~x, Zi !� mn~xnk
, Zi !%

� E $mn~x, Zi !� mn~xnk
, Zi !%#�

�
def

max
1�k�na4

6Rn, k,16� max
1�k�na4

sup
x�Bnk

6Rn,2 6+ (28)
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By part ~ii! of Lemma 6+6, we have

max
1�k�na4

sup
x�Bnk

6m~x, Zi !� m~xnk
, Zi !6 � max

1�k�na4

sup
x�Bnk

na2 6x� xnk
6a1G~Zi !

� cn�2G~Zi !+

By the strong law of large numbers, we have

max
1�k�na4

sup
x�Bnk

6Rn,2 6 � cn�2(
i�1

n

G~Zi !� O~n�1 ! (29)

almost surely+ Let Tn � $n0~an log~n!!%102 + Let mn
o~x, Zi ! � mn~xnk

, Zi !
I $6M~Zi !6 � Tn% and mn

I ~xnk
, Zi ! � mn~xnk

, Zi ! � mn
o~xnk

, Zi !+ We have

Rn, k,1 �
1

n (i�1

n

@mn
o~xnk

, Zi !� E $mn
o~xnk

, Zi !%#�
1

n (i�1

n

jnk , i , (30)

where jnk , i � mn
I ~xnk

, Zi ! � E $mn
I ~xnk

, Zi !% + Note that P~6M~Z!6 � Tn! �

Tn
�r E6M~Z!6r and (n�1

` Tn
�r � `+ Thus, for all sufficiently large n, with prob-

ability 1, 6M~Zi !6 � Tn for all i � n+ This implies that the first term on the
right-hand side of ~30! is eventually 0 with probability 1+

It follows from part ~ii! of Lemma 6+6 that

max
1�k�na4

Var�(
i�1

n

jnk , i� � c1 nan �
def

N1+ (31)

By part ~i! of Lemma 6+6, we have

max
1�k�na

6jnk , i 6 � c0 anTn � c2 $nan 0log n%102 �
def

N2 + (32)

Let N3 � c3$nan log n%102 + By Bernstein’s inequality, we have from ~31! and
~32! that

P��(
i�1

n

jnk , i� � N3� � exp� �N3
2

2~N1 � N2 N3 !
�

� exp $�c3
2 log n0~2c1 � 2c2 c3 !%

� c4 n�a4�2+ (33)

The last inequality holds if we choose c3 sufficiently large+ It follows that

(
n�1

`

Pr� max
1�k�na4�(i�1

n

jnk , i� � N3� � `+
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By the Borel–Cantelli lemma, we have

max
1�k�na4

�(
i�1

n

jnk , i� � O~N3 !+ (34)

Combining ~30! and ~34!, we have

max
1�k�na4

6Rn, k,16 � O$~nan log n!102 %+ (35)

Therefore, Lemma 1 follows from ~28!, ~29!, and ~35!+ �

LEMMA 6+7+ Suppose w~u! and j~u! are two measurable functions of ~X,Y !
such that supu,q�Q6w~u! � w~q!6 � 6u � q6 Dj a+s+ , supu,q�Q6j~u! � j~q!6 �
6u� q6 Dj a+s+ with E Dj r � c for some r � 2, and E $j~u!6u�X %� 0 for all u �
Q �

def

$u : u�u � 1%. Suppose ~Xi ,Yi ! , wi~u! , and ji~u!, i � 1,2, + + + , n are ran-
dom copies of ~X,Y ! , w~u! , and j~u! , respectively. If (C1), (C3), and (C4)
hold, then

sup
u�Q

� 1

n2 (
i�1

n

(
j�1

n

$Kh~u
�Xij !wj ~u!� Ej Kh~u

�Xij !wj ~u!%ji ~u!� � O~dn
2!+

Proof+ Let Dn~u! be the value in the absolute symbols+ By the continuity
of K~+!, there are n1 � cn2q points un,1, + + + ,un, n1

in Q such that �k�1
n1 $u :

6u � un, k6 � h 2dn
2% � Q and

max
1�k�n1

sup
6u�un, k 6�h 2dn

2
6Dn~u!� Dn~un, k !6 � O~dn

2!+ (36)

The Fourier transform f~s! � *exp~isv!K~v! dv will be used in the following
expressions, where i is the imaginary unit+ Thus K~v! � *exp~�isv!f~s! ds+
We have

Dn~un, k ! �
1

n2
h�1 (

j�1

n

(
i�1

n �@exp $�isun, k
� Xij 0h%wj ~un, k !

� Ej $exp~�isun, k
� Xij 0h!wj ~un, k !%#f~s! dsji ~un, k !

� h�1� 1

n (i�1

n

exp~�isun, k
� Xi 0h!ji ~un, k !

{
1

n (j�1

n

@exp~isun, k
� Xj 0h!wj ~un, k !

� E $exp~isun, k
� Xj 0h!wj ~un, k !%#f~s! ds+

ASYMPTOTIC DISTRIBUTIONS FOR SINGLE-INDEX MODELS 1135



Following the same steps leading to ~35!, we have

max
1�k�n1

� 1

n (i�1

n

exp~�isun, k
� Xi 0h!ji ~un, k !� � c5d0n ,

max
1�k�n1

� 1

n (j�1

n

@exp~isun, k
� Xj 0h!wj ~un, k !� E $exp~isun, k

� Xj 0h!wj ~un, k !%#� � c6d0n

almost surely, where c5 and c6 are constants that do not depend on s+ Hence

max
1�k�n1

6Dn~un, k !6 � h�1�c5d0n c6d0n 6f~s!6 ds � O~h�1d0n
2 !� O~dn

2!+ (37)

Note that

sup
u�Q
6Dn~u!6 � max

1�k�n1

6Dn~un, k !6� max
1�k�n1

sup
6u�un, k 6�h 2dn

2
6Dn~u!� Dn~un, k !6+ (38)

Therefore, Lemma 6+7 follows from ~36!–~38!+ �
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