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N 1 1 n
6=(1+a,b,+ 5{1— 0,6, }(0 — 6,) + En*Ing > 8" (00 X)) v, (X))e,
i=1

+o(n™"?),

where

1 n
a, = {5 nT'FTW >, 8" (00 X)) vy, (X)) e, + o(n_l/z)}/h2 =o(l).

i=1

It is easy to check that |§| =1 + a,, + o(n~'/?). Thus

. 1 1 ”

6/10] = 6, + 5 {I—0,6, }(0 —6,) + 5 nT W X8 (00 X)) v (X))e,
i=1

+o(n~'?).

Let %0 be the value of 6 after k iterations. We have
(k+1) 1 T (k) 1 —1 + . ’ T
0 =6, + 5{1_ 0,6, 10 —6,) + E n WgO ; g' (6, Xi)Vao(Xi)si

+o(n=1?).

Recursing the preceding equation, we have

1
gD = 0 + ? - 909(;}(9(1) — )
k 1 n
+ {2 ;}n_lwggEgl(aoTXi)Von(Xi)si + 0(’1_1/2)-
=1 i=1

Thus as the iteration k — oo, Theorem 4.2 follows immediately from the pre-
ceding equation and the central limit theorem. n

Proof of Corollary 4.3. If € is independent of X, we have
20rc = E{8' (00 X)*W(X) " Yo ?/E{g' (8, X)*}?
and
Soave = [E{g' (05 X)*W(X)}] "o
Let A ={g (6, X)} >W(X)" and C = —g’(6) X) 2(EA™)™. Then,
3 0p6 ~ Samave = 0 E{g (60 X)*[AV?/Eg' (6] X)* + C(AT)?]
X [AY?/Eg' (6) X)* + C(A")'2]"}
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Thus, the first part of Corollary 4.3 follows. Without loss of generality, we
assume that X is standard normal. We have

E(X|0TX)=0(0"X)
and
EXXT|0™X)=00"(0"X)> +E(0"X)>*(I—00").
Thus,
2 orc = Zpave = (I = 0000 ) o */{Eg" (85 X)?E (65 X)*}.

We have completed the proof of the second part. u

6.1. Proofs of the Lemmas

Proof of Lemma 6.1. It follows from Lemma 6.6 and
E{K,(07X;)(07X,)m(07X,)}
=fo(0T)m(OT )y +{fo(0TX)m(0T )} wyirh + O(R?),
where wy = [viK(v) dv. |
Proof of Lemma 6.2. By Lemma 6.6, we have

vy (x)

ve(x)  Wy(x)

Sy (x) =fo(0TX)< ) +0(7,) (1 + [x]?),

where Wy(x) = wy(x) — xpg (x) — pwo(x)x T + xx 7. If f5(6Tx) > n™¢, then

c(x) vy (%)

vo(X) V_Vg(x)+> +0(r,n°)(1 + |x]?), 12)

{8, (03! =fgl(0TX)<

where ¢(x) = {1 — v, (x)Wy(x)Tv,(x)} 7! and y4(x) = —Wy(x)Tvy(x). By the
Taylor expansion of g(6, X;) at 6, x and 6, = 6 + (6, — 0), we have

1
Y, = g(6yx) + 8" (6 x) 0 X;, + Eg”(GJX)(GoTX,-XV +e+ 0160 X, |*)

1
= 4000+ 80700, Koo+ 3 8" (070(0X,0)° + &, + 8,(,X,,0),

13)



1128 YINGCUN XIA

where A,(x,X;,0) = 0|60, X,.I°> + 10" X,| | Xl 80 + |X,.|?83). It is easy to
check that

2(6, x) )
008,(9(;)6) ’
(14)

n 1
{nS) ()}~ ; K, (0'X;,) (X‘ ){g(HoTX) +8'(60x)0) X} = <

x

Note that u, = uy = 1. It follows from Lemma 6.1 that

n 1
{nS; (0} X K, (07X, (X )g”(HoTX)(é’TX,-x)2

i=1

X

( c(x) vy (x)
Yo(x)  Wo(x)"
= 0(h37m,n)(1 + |x|?). (15)

1
)g”(ﬁJx)( >h2+0(h27nn5)(1+|x|2)
Ve(x)

By Lemma 6.6, it follows that

" 1
}’l_] 2 Kh(GTXix) (X >6TX[x|kX[x|e = O(hk)(l + |x|€+])’

i=1

X

k,€=10,1,2,3.

Thus,

n 1
OIS Kthx,»x)(X_ )Anu,xi,a)

x

= O{(h® + hd, + 82)n<}(1 + | x|*). (16)

For the noise term, we have from (12)
n 1
{nS!(0} ' X Ky(07X,,) v |@

c(x) VJ(x)) " ( 1
K, (07X,
Yo(x)  Wy(x)" > Kil )

; () + T ()X, (1+ |x[?)
={nfe(0Tx)}“ZlKh("TXix)<c w(;yﬁ{x.—,u (x): ) i

+ 0(7,8,n¢)(1 + |x|?). 17)

= {nfe(ﬁTX)}_l( )8,- +0(7,6,n%)

X

Combining (13)—(17), we complete the proof of Lemma 6.2. u
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Proof of Lemma 6.3. It follows from Lemma 6.1 that

7,).

fo(67x) fe’(GTx)h>
+0(

200 = (f;(awh £,(67x)

Thus, if f3(6"x) > n~¢ then

1129

0 £0"xh
)y =/"10"x) {I_fgl(‘ng)< )} + O(7,n%).

fa(0Tx)R 0

Rewrite (13) as

(18)

1
Y, = g(@Jx) + 8,(0Jx)0-rxix + = 8”(9(;rx)(0TXix)2 + 8’(0()TX)(00 - O)TXix

2
+e,+A,(x,X;,0).
It is easy to see that
(g0} E Ki(67X,,) (”1 /h){ng %)+ g'(6]007X,.)

B ( g(6;x) )
g'(60x)h)
Now, by Lemma 6.1 we have

{niﬁ(X)}“ é Kh(eTXix)< )X;(ao - H)g’(OOTx)

07X, /h

_ (g’(GJx)VJ(x)(Go - 0)

0(h8,)(1 + |x|) ) + 0(7,8,n°) (1 + [x]).

Again, by Lemma 6.1 and (18), we have

n 1
{nz5(x)} ! ; K,(07X,.) <0Txix/h) §"(0, x)(07X,)?
B < g//(a(;rx)hZ

- g"<eJx>f;<eTx>h3> + Olhr,n?).

19)

(20)

21

(22)



1130 YINGCUN XIA

Similar to (16), we have

TS Kthxix)( )A,xx,x,-,a) = O{(h* + 830} (1 + [x]°),

07X../h
(23)
For the noise term, we have from (18)
i) S Khwfx,-x)( : )
= 07X../h
= {nf(6 " x)}! é K,(07X,,) <6TXix/h> g + O0(1,6,n°). (24)
Combining (19)—(24), we complete the proof of Lemma 6.3. u

Proof of Lemma 6.4. Let (0, B) be an orthogonal matrix. By Lemma 6.1, we
have

n ' DK, (07X,)07X, XL 0 = f,(07x)h* + O(h*T,),

i=1

n ' DK (07X,)0X, X B=(f,(0"x)v, (x))Bh*+ O(ht,)(1+ |x|),

i=1

n~' 2K (07X )BT X Xy B = f,(07x)C(x) + O(r,) (1 + |x]?),

i=1

where C?(x) = BT#,(x)B. Note that f,(8"x) = f,(6"x) + O(r,). Therefore,

{nfg(ﬂTX)}" 2 Kh(eTXix)Xix X;
i=1

h? F, (x)h?

)(O,B)T
F,(x)h? C%x)+ O(7,n°)

= (9,3)<

+ O(hr,n°)(1 + |x|?),

where Fp(x) = B { f,(0 " x)v,(x)}/f,(6"x). By (11), d = g' (6 x) + O(7,n*/
h)(1 + |x|*). Note that E{g’ (6, X;)*C*(X,)} = 2B; W, B,. Denote by D/ the
left-hand side of Lemma 6.4. Then
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DI =n"" X p,(fo(0TX)(d){nfy(0TX)} 1 D K, (07X;) X, X,
i=1

X,ED,
h? Fy (X;)h? >

= (Q’B)n7 le{g,(eo X]) <F9(Xj)h2 Ce(xj) + O(T"ns)

+ O(hr,n°)(1 + \X]-|6)}(6,B)T

Eg'(6) X)*h? FTBh?
= ( b

0,B)" + O(ht,nc+39,),
B Fh? ZBTWgOB-I-O(T,,nE))( ) (h7,n + 8,)

where F = E{g’ (6, X )ZF(,O(X )}. The law of large numbers (Chow and Teicher,
1978, Cor. 2, p. 122) is used for the summation of | X;|°. Therefore by the matrix
inversion formula in blocks (Schott, 1997), we have

1 -
(D' =007 (Eg' (6, X)*) 'h ™2 — E{BDBTFHT + 0F "BDB'}

1 _
+ 2 BDB" + O{(ht,n* + 8,)/h*},

where D = (B"W,oB)"'. Note that B = B, + §,. We have D = (B] W, B,) ' +
Oy. By the definition of the Moore—Penrose inverse, we have

By(By W,oBy) 'By = Wy,.

Thus Lemma 6.4 follows from the facts that BBT =1 — 00" =1— 6,0, +
0(84) and 6, W,, = 0. u

Proof of Lemma 6.5. By Lemma 6.3, we have
d)? GJXL\‘ = g/(a‘;x)agxlx + 511,20(;rxix /h
+ O{(h, + 85)n/h}(1 + |x]*)]6g X, |.

Therefore,

Y, —al—d}0, X, = e + g (8, x)v, (x)(6 — 6,)
1
+ 28O O07X,) = )

- En,l - 5n,20(;rXix/h

+ O{(h, + 85)n Y (1 + |x|*) (1 + |69 X, | /7).
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By Lemmas 6.1 and 6.3, we have for the third term on the right-hand side of
the preceding equation

n? E pﬁdﬁg”(a()TXj)ﬁ)_l(aTXj) 2 Kh(aTX;j)le{(aTXij)z —h?}
j=1 i=1
= O(h?7,nc).

By Lemma 6.6 and Corollary 2 in Chow and Teicher (1978, p. 122), we have

n 2 D K, (07X,) (1 + X4 (1 + 16, X,1/h) = 0o(Hn™' D 1X,1° = O(1).

j=li=1 j=1

Let VY be the left-hand side in Lemma 6.5. By Lemma 6.3 and the above two
equations in this proof, we have

NP =3%0,(0—6,)+N,+R,+o(n'?), (25)

where

N, = n=’ 2 Pj‘gf;_l(aTXj)ijKh(GTXU)XUSi’

ij=1
S0, =12 ijil Pl fy (07X,) dI K, (07X,) X, vg (X;)g' (65 X)),

and

R,=n"> ijél pld! fy (07X K, (07X ;) X{E,1(X,) + E,2(X,) 00 X, /h}.

By Lemma 6.1 and (9) and (10), we have

S0, = W0 + O{(7, + 8,)/h}. (26)

Let D; = p,(f,(07X;)g" (0, X,)f, '(07X;)K,(67X;))X;;. We have E{E;D; —
g (00 X)) ve(X,)}* = O{(h* + 8,)*}. Note that &,,(x) = 0O(8,n°) and
Ena(x) = 0(8,n°). By Lemmas 6.6 and 6.7, we have

N,=n2> >{D; — E/(D;)}e; +n ' X E;(D;)e; +o(n %)

i=1j=1 i=1
=n"" 2 g,(eoTXi)Ve(Xi)si +o(n~'2).
i=1

Evy(X;) = 0. By Lemma 6.7 in Section 6.2
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R,=n"? 2 pn(fe(oTXj))Fijg’(HTXj)fa_l(HTX/')

ij=1

X A&, (X)) + E,.(X,) 00 X;;/h} + o(n™ ')

=n' > p(f(07X)ve(X;)g (07X,)f, ' (07X,)

j=1
X A& (X)) + E,(X,) 00 X;;/h} + 0(n™ ')

o 27)

Thus Lemma 6.5 follows from (25)-(27). -

6.2. Two Supplementary Lemmas

LEMMA 6.6. Suppose m,(x,Z),n = 1,2,..., are measurable functions of Z
with index y € RY where d is any integer number, such that (i) |m,(x,Z)| =
a,M(Z) with EIM(Z)") < o for some r > 2 and a, increases with n such
that a, < con'~"; (ii) E(m,(x,2))* = a,mg(x) with [mo(x) — me(x")| =
clxy — x'|*, where ay > 0 and ¢ > 0 are two constants (without loss of gen-
erality, we assume my(y) = 1); and (iii) |m,(x,Z) — m,(x',Z)|
lx — x'|*"nG(Z) with some a, > 0 and EG*(Z) exists. Suppose {Z;,i
1,...,n} is a random sample from Z. Then, for any positive a, we have

1A

sup, {mo(x)t'n™! 21 {m.(x,Z;) = Em,(x, Z)}| = O{(a,logn/n)'?}.
x|=n* i=

Proof of Lemma 6.6. The “continuity argument” approach is used here. See,
e.g., Mack and Silverman (1982) and Hérdle et al. (1993). d{ljor ease of expo-
sition, let m,(y,Z) denote m,(x,Z)/my( x). Note that D, = {| x| < n®} is
bounded and its Borel measure is less than n¢"®. There are n® (a, > d + ag)
balls B, centered at y,,, 1 =k = n®, with diameter less than cn~@**2/*1 such

that D, C U -4, B,,. Then

1 n
= 2 {m,(x,Z) — Em,(x, Z,-)}‘

sup
XED, | N i=1
1 n
= max _E{mn()(nk’zi)_Emn(Xnk’Zi)}
Isk=n* | N i=1
1 n
+ max Sllp - 2 [{mn()(’ Zz) - mn(Xnk’Zi)}
1=k=n"* XEB,, i=1
- E{mn(){’ ZI) - mn(Xnk7Zi)}]‘

1B

max |R, |+ max sup |R,,|. (28)

l=k=n* I=k=n“* XE€B,,
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By part (ii) of Lemma 6.6, we have

max sup |m(x,Z;) — m(x,,Z) = max sup n®|y — x,|"G(Z,)

1<k=n% XEB,,k 1=k=n% )(EBnk
=cn2G(Z,).

By the strong law of large numbers, we have

max sup |R,, 2EJG(Z)—O(n’]) (29)

I=k=n"* XE€B,,

almost surely. Let 7, = {n/(a,log(n))}"/?. Let m{(x,Z,) = m,(x,,Z;)
I{|M(ZI)| = T;l} and m}{l(X}’lk’Zi) = mn(/\/nk’zi) - m;:(/\/nk’zi)- We have

1 " 1 n
1= ; 2 [mz(/\/nk7zi) - E{mz(Xnk’Zi)}] + ; 2 fn,wh (30)
i=1 i=1

where &, ;= m)(x,,.Z;) — E{m](x,,Z;)}. Note that P(|M(Z)| > T,) =
T, "E|M(Z)|" and X,_, T," < co. Thus, for all sufficiently large n, with prob-
ability 1, |M(Z;)| = T, for all i = n. This implies that the first term on the
right-hand side of (30) is eventually O with probability 1.
It follows from part (ii) of Lemma 6.6 that

max Var(E & ,) =cna, g N;. 31

I=k=n*

By part (i) of Lemma 6.6, we have

max |£, ;| = coa,T, = c,{na,/logn}"> £ N,. (32)

1=k=n“

Let N5 = c3{na,logn}'/?>. By Bernstein’s inequality, we have from (31) and
(32) that

P(
i=1

; é:nk,i

>N N
=exp| ———
) TP 2, + W)
= exp{—cilogn/(2c, +2cyc5)}
=cn w2 33)

The last inequality holds if we choose c; sufficiently large. It follows that

ZIP(max g - ><oo.

Il=k=n“*
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By the Borel-Cantelli lemma, we have

max

l=k=n“*

:S fmt

= O(Ns). (34)

Combining (30) and (34), we have

max |R, | = O{(na,logn)"?}. 35)
1=k=n**
Therefore, Lemma 1 follows from (28), (29), and (35). |

LEMMA 6.7. Suppose ¢(0) and & (0) are two measurable functions of (X,Y)

such that supy yeo| @ (0) — @(I)] < [0 — V€ a.s., supg geol€(0) — £(I)] <
|0 — O|& a.s. with EE" < ¢ for some r > 2, and E{£(0)|0TX} = 0 for all 6 €

oY {6:070 = 1}. Suppose (X;,Y:), ¢;(0), and £,(0),i =1,2,...,n are ran-
dom copies of (X,Y), ¢(0), and £(0), respectively. If (Cl), (C3), and (C4)

hold, then

1 n n
sup | =3 2 2 AKA(07X,)¢,(0) — EK,(07X,) ¢, (0)}6:(6) | = O(5).
¢ i=1j=1
Proof. Let A,(#) be the value in the absolute symbols. By the continuity
of K(.), there are n; < c¢n? points 0, ,,...,6,, in © such that UL {6:
|0 — 6, <h?82} D O and

max  sup  [A,(0) —A,(6,,)] = 0(5)). (36)

I=k=ny |9—0, |<n’s?

The Fourier transform ¢(s) = fexp(usv)K(v) dv will be used in the following
expressions, where ¢ is the imaginary unit. Thus K(v) = [exp(—usv)p(s) ds.
We have

1 n n
8,0, = = h 2 3 f [exp{=cst,. X/}, (0,.)
j=li=1

— E{exp(—us6,[ X, /1) ¢;(0, )N b () dsé,(6),.,)
1 n
=i | S exp-u X, /ME,)

1
- 2 [CXP(‘SOTkX /h)@; (0, 1)

nj 1

— Efexp(us0, . X;/h) ¢;(6,, )} (s) ds.
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Following the same steps leading to (35), we have

n

1
= > exp(—usb,  X;/h)&;(6,.,)

max = ¢560,>
I=k=n, | n ;=1
12 . .
1H}<ax ; 2 [eXP(Lsen,ka/h)%(en,k) - E{exp(l‘sen,kxj/h)goj(gn,k)}] = ¢4 00y,
=k=n, j=1

almost surely, where c5 and ¢ are constants that do not depend on s. Hence

max |An(0n,k)| =h"! f6580nc660n|¢(s)| ds = O(hil‘sgn) = 0(53)' (37)

1=k=n,
Note that

sup|A, ()| = max |A,(6, )| + max sup  [A,(0) —A,(0,)].  (38)
1=k=n, 2

06 1=k=ny 19—, ,|<h’5;
Therefore, Lemma 6.7 follows from (36)—(38). u
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