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The LASSO

minimise
β∈Rp

1

2
(y − Xβ)′(y −Xβ) (1a)

subject to ‖β‖1 ≤ t. (1b)

where

y is an n × 1 vector of responses,

X is the n × p design matrix; and

β is the p × 1 vector of parameters.

Tibshirani (1996)
Santosa and Symes (1986)
Further work: Knight and Fu (2000), Osborne et al. (2000a,b), Huang (2003),
Rosset and Zhu (2004a), Zou et al. (2004) . . .
Wavelet literature: Chen et al. (1999), Sardy et al. (2000)
Related work: Fu (1998), Fan and Li (2001), . . .
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The LASSO
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Characterisation of solutions
β is a solution of (1) if λ ≥ 0 exists such that

X
′r = λv,

where r = y − Xβ and v = (v1, . . . , vp)
′ is such that

vi = 1 if βi > 0

vi = −1 if βi < 0

vi ∈ [−1, 1] if βi = 0

Osborne et al. (2000a,b)
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Osborne et al. (2000a); Efron et al. (2004)
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Other homotopy algorithms

Support vector machines:

minimise
β0,β

1

2
‖β‖2 + C

n
∑

i=1

ξi

subject to yi(β0 + xT

i β) ≥ 1 − ξi, i = 1, . . . , n

Written in Loss + Penalty form:

minimise
β0,β

n
∑

i=1

[

1 − yi(β0 + βTxi)
]

+
+

λ

2
‖β‖2

Hastie et al. (2004)
See Lee and Cui (2005) for multicategory SVMs
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Other homotopy algorithms

1-norm vector machines:

minimise
β0,β

n
∑

i=1



1 − yi



β0 +

p
∑

j=1

βjhj(xi)









+

subject to ‖β‖1 =

p
∑

j=1

|βj | ≤ t

Zhu et al. (2003)

“Huberised” LASSO:

argmin
β

∑

|yi−βTxi|≤1

(yi+βT xi)
2+

∑

|yi−βTxi|>1

2(|yi+βT xi|−0.5)+λ‖β‖1

Rosset and Zhu (2004b)
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Multivariate regression

We have k response variables:

Y =







y11 . . . y1k

...
...

yn1 . . . ynk






=







| |

y1 · · · yk

| |






=









— y′
(1) —
...

— y′
(n) —









but one design matrix

X =







x11 . . . x1p

...
...

xn1 . . . xnp






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Multivariate regression

With

B =







β11 . . . β1k

...
...

βp1 . . . βpk






=







| |

β1 · · · βk

| |






=









— β′
(1) —
...

— β′
(p) —









our model is

Y = XB + E

Breiman and Friedman (1997)
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Simultaneous variable selection

minimise
B∈Rp×k

1
2

k
∑

j=1

(yj −Xβj)
′ (yj −Xβj) (2a)

subject to

p
∑

l=1

‖β(l)‖∞ ≤ t. (2b)

T., Venables and Wright (2005)
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Characterisation of solutions
B is a solution of (2) if λ ≥ 0 exists such that

X
′
R = λV

where R = Y −XB and V has the following form:

If ‖β(l)‖∞ = 0, then ‖v(l)‖1 ≤ 1.

If ‖β(l)‖∞ > 0, then ‖v(l)‖1 = 1 and, for j = 1, . . . , k,

vlj ≥ 0 if βlj = ‖β(l)‖∞,

vlj ≤ 0 if βlj = −‖β(l)‖∞,

vlj = 0 if |βlj | 6= ‖β(l)‖∞.

The solution of (2), as a function of t, is piecewise linear with
breakpoints at 0 = t0 < t1 < t2 < . . . .
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Homotopy algorithm for SVS

Assume we are at point ts and we have the following
quantities calculated:

βs
j , j = 1, . . . , k, the estimated parameters,

µs
j = Xβs

j , j = 1, . . . , k, the fitted values,

rs
j = yj − µs

j , j = 1, . . . , k, the residuals,

cs
j = X

′rs
j , j = 1, . . . , k, the correlations between the

residuals and the explanatory variables; and

θs
j = sign(cs

j), j = 1, . . . , k, where the sign is taken
component wise. (sign(0) = 0.)
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Homotopy algorithm for SVS

Furthermore, define

σ ⊆ {1, . . . , p} is such that l ∈ σ iff ‖βs
(l)‖∞ > 0.

The p × |σ| matrices Eσ,j, j = 1, . . . , k, are defined as

Eσ,j = (· · · θs
ljel · · · )l∈σ

where el ∈ R
p is the lth unit vector.

σj ⊆ σ, j = 1, . . . , k, are such that l ∈ σj iff cs
lj = 0 (i.e.

|βs
lj | may differ from ‖βs

(l)‖∞).

The p × |σj | matrices Eσj
are defined as

Eσj
= (· · · el · · · )l∈σj
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Homotopy algorithm for SVS

To determine ts+1 we parameterise the βj , j = 1, . . . , k as
follows (τ > 0):

βj = βs
j + τ

(

Eσ,j∆ + Eσj
δj ,

)

j = 1, . . . , k. (4)

Straightforward linear algebra yields

δj = −
(

X
′
σj

Xσj

)−1
X

′
σj

Xσ,j∆, j = 1, . . . , k.

where Xσj
= XEσj

and Xσ,j = XEσ,j.
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Substituting δjs back into (4) yields:

∆ = A
−1

1

where

A =

k
∑

j=1

X
′
σ,j(I− Hσj

)Xσ,j

and

Hσj
= Xσj

(

X
′
σj

Xσj

)−1
X

′
σj
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Homotopy algorithm for SVS

Now,
ts+1 = ts + τ0

where τ0 > 0 is the smallest value at which either σ or one
of the σjs change.

1. σ decreases

2. σ increases

3. One of the σj increases

4. One of the σj decreases
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