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For multiple linear regression (k = 1):

o 1 /
minimise 5y —XB)(y - Xp) (1a)
subject to || 8|1 < t. (1b)

where

B yisann X 1 vector of responses,
B X isthe n X p design matrix; and
B isthe p x 1 vector of parameters.

Santosa and Symes (1986), Tibshirani (1996)

Further work: Knight and Fu (2000), Osborne et al. (2000a,b), Huang (2003), Rosset
and Zhu (2004), Zou et al. (2004), Zou (2006) ...
Wavelet literature: Chen et al. (1999), Sardy et al. (2000),. ..
Related work: Fu (1998), Fan and Li (2001), ...
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Simultaneous variable selection

k
L 1 /
TBeReik. 2 ; (y; — XB;) (y; — XB;) (2a)
p
subject to Z 1Bwlla < t. (2b)
I=1

« = o0 : T.,, Venables and Wright (2005)
o = 2 : Bakin (1999), Yuan and Lin (2006)

Other approaches: Fused LASSO (Tibshirani et al., 2005), Elastic Net (Zou and

Hastie, 2005)
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Characterisation of solution o« = o0

dpaeaese ¢ Bjs a solution of (2) if A > 0 exists such that
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B if |8l > 0, then |l |y = 1and, forj =1,... &,
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B is a solution of (2) if A > 0 exists such that

X'R =MV

where R =Y — XB and V has the following form:

o H/B(l)”a = 0, then ||v(l)H'y < 1.
B i [|Bylla > 0, then [log, = 1.

where
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For an orthonormal design (X’X = I), T., Venables and Wright (2005)

B describe an algorithm that computes the complete solution path.
B show that, if ,B?l) denotes the unconstrained solutions (B® = X"Y),
then their approach essentially orders the variables such that

118G = 1Byl > 1805 [l = -+ = 1184, )l = 184,11,

and then selects the variables x;,, x,,, . . ., x;,,, where m depends

on t, using this ordering.
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General Design
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Osborne et al. (2000a), Efron et al. (2004), T. (2005)
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Homotopy algorithm Characterisation of solution a = o0

Juneaeegessn 2 f oy = 00, then the solution of (2), as a function of ¢, is piecewise linear | Xuare cqesson REMEMBER: If & = 00, then B is a solution of (2) if A > 0 exists such
— and continuous with breakpoints at 0 = 1o < t; <ty < .... QA0 ¢ that
Simultaneous variable Simultaneous variable N /
selection s selection E X_ R = C = )\V
Homotopy algorithm : . . L. Homotopy algorithm E
compee souonpaty_ 3 ASSUMeE we are at point ¢, and we have the following quantities Compere sowonpat) 3 where R = Y — XB and V has the following form:
LASSO : LASSO .
calculated: :
ot : . . ) I © B [Bgllee = 0, then [lvg[l: < 1.
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3 . Vi = | 1 .
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Concludmg remarks : . 0; — SIgn<C§)l j — 17 ] kv Where the Slgn IS taken Component Conc\udmg remarks §
References : W|Se (Slgn(o) - 0) References
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Furthermore, define

B o C{l,...,p}issuchthat! € oiff ||B|loc >0, fort =t,+7
and (small) 7 > 0.

B 0;Co,j=1,... karesuchthat! € o, iff ¢;; = 0 (i.e. |3;]
may differ from ||,3(l) ||so), for t = t, + 7 and (small) 7 > 0.

B Thep X |o| matrices E,, ;, j = 1,..., k, are defined as
E,;= (- 6}e s

where e; € RP? is the [*" unit vector.
B The p X |o;| matrices E,, are defined as

E, = (e ico,
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To determine ?,;1 we parameterise the 3;, j = 1, ...,k as follows
(> 0):

,Bj = ,8; + 7 (EU,jA —f-EUj(Sj,) j = ]_, .. .,k’. (4)

Straightforward linear algebra yields

—1
6 =~ (X, Xs,) X[, XosA,

where X, = XE,, and X, ; = XE, ;.
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Substituting d,;s back into (4) yields:

A=A
where
k
A=) "X (I-H,)X,;
j=1
and .
H,, =X, (X, X,,) X

JSM, Seattle, 8 August 2006 — 19 / 29

The LASSO

Simultaneous variable
selection

Homotopy algorithm
Complete solution path .
LASSO :

Notation |
Reminder
Notation Il
Finding step |
Finding step II
Step-length

Starting point
Example .

Concluding remarks 4

References

Multivariate regression .

Homotopy algorithm (cont.)

Now,
terl =t + To

where 79 > 0 is the smallest value at which either o or one of the o s
change.

1. o decreases:

Can only happen if a component of A is negative.

2. o increases:
Have to check where a linear function intersects various continuous,
convex, piecewise linear functions.

3. One of the g increases:
Happens if a v;;, which change linearly, becomes zero.

4. One of the 0 decreases:
If a vy is zero, we have to check the rate with which the corresponding ﬂlj
changes (linearly) against the rate with which || 3, || changes (linearly).

JSM, Seattle, 8 August 2006 — 20 / 29



Homotopy algorithm (cont.)

Biscuit dough piece data

Multivariate regression .

The LASSO

Simultaneous variable
selection

Homotopy algorithm

Complete solution path) .

LASSO
Notation |
Reminder
Notation II
Finding step |
Finding step II
Step-length

Starting point

Example .

Concluding remarks E

References

The algorithm starts at ¢y = 0 with o = {ly}, where

ly = alrglmax | (X’Y)(l) Il

P

and, forj=1,...,k B;=90; =0and o; = (.
The algorithm stops when

O X'R=0;o0r
O |o| =p;or
]
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The experiment involved varying the composition of biscuit dough
pieces.
The calibration data set has

B L = 4 response variables; namely the percentage of fat, sucrose,
flour and water in the dough,

B p = 700 regressor variables; NIR spectral data where the spectral
range is 1100-2498nm in steps of 2nm, and

B n = 40 observations.

Brown et al. (1999, 2001)
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Some open questions:

B How should we choose t?
B Would it be more appropriate to use

p
> 1Bl
=1

as constraint in (2b)? Or any other o norm?
B How to calculate A efficiently?
B Add an [, constraint, a la elastic net (Zou and Hastie, 2005)?

B Add weights
p
> will Byl
=1

in the penalty, a la adaptive lasso (Zou, 2006)?
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