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The LASSO

minimise
β1,...,βm

1

2

n
∑

i=1

(

yi −
m
∑

j=1

xijβj

)2

(1a)

subject to
m
∑

j=1

|βj | ≤ t, (1b)

or, equivalently,

minimise
β∈Rm

f(β) =
1

2
(y −Xβ)T (y −Xβ) (2a)

subject to g(β) = t− ‖β‖1 ≥ 0. (2b)

Tibshirani (1996)
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Characterisation of solutions

If β̂ is a solution of (2) if λ ≥ 0 exists such that

XT r̂ = λc,

where r̂ = y −XT β̂ and c = (c1, . . . , cm)T is such that

ci











= 1 if β̂i > 0

= −1 if β̂i < 0

∈ [−1, 1] if β̂i = 0

.

Note that ‖c‖∞ = 1 and cT β̂ = ‖β̂‖1.
Hence

λ = ‖XT r̂‖∞ = r̂TXβ̂/‖β̂‖1

Osborne et al. (2000a,b); Efron et al. (2004)
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An algorithm to calculate all solutions

1. (a) Set µ̂(0) = 0, β̂(0) = 0 and k = 0.

(b) Calculate c = XTy and set C = ‖c‖∞ = maxj{|cj |}.

(c) Let σ = {j : |cj | = C}.

2. (a) Set Xσ = (· · ·xj · · · )j∈σ and calculate

b̄(k+1)
σ = (XT

σ Xσ)−1XT
σ y

µ̄(k+1) = Xσb̄(k+1)
σ

(b) And use these results to update:

µ̂(k+1) = µ̂(k) + γ
(

µ̄(k+1) − µ̂(k)
)

β̂(k+1) = β̂(k) + γ
(

β̄(k+1) − β̂(k)
)

where β̄(k+1) = P

(

b̄
(k+1)
σ

0

)

; P a suitable permutation matrix.
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An algorithm to calculate all solutions
2. (c) The step size γ is γ = min(γ1, γ2, 1) where, with

γ1 = min
j /∈σ

+

{

C − cj

C − aj
,
C + cj

C + aj

}

, γ2 = min
j∈σ

+

{

−
β̂

(k)
j

β̄
(k+1)
j − β̂

(k)
j

}

and a = XT
(

µ̄(k+1) − µ̂k

)

.

(d) If γ = γ1, then

σ = σ ∪

{

j : j /∈ σ and γ1 = min+

{

C − cj

C − aj
,
C + cj

C + aj

}}

If γ = γ2, then σ = σ \
{

j : β̂
(k+1)
j = 0

}

.

(e) Calculate c = XT
(

y − µ̂(k+1)
)

, set C = maxj{|cj |} and
k ← k + 1.
If C = 0 stop, otherwise return to step 2a

Osborne et al. (2000a), Efron et al. (2004)
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An algorithm for fixed t

Osborne et al. (2000b) proposed the following algorithm
which is based on a local linearisation of (2a) about a
current β.
At each step solve the following optimisation problem:

minimise
h

f(β + h) (4a)

where θT
σ (βσ + hσ) ≤ t and h = P

(

hσ

0

)

(4b)

βi may be non-zero if and only if i ∈ σ.
θσ = sign(βσ).

At any step of the algorithm βσ has to be feasible (θT
σ βσ ≤ t).

P is the permutation matrix such that β = P
(

βσ

0

)

.
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An algorithm for fixed t

Let β̃ = β + h be the solution of (4).

If sign(β̃σ) = θσ then we call β̃ sign feasible.

If β̃ is not sign feasible, we proceed as follows:

1. Move to the first new zero component in direction h, i.e.
find the smallest γ, 0 < γ < 1 and corresponding k ∈ σ
such that 0 = βk + γhk.

2. Update σ by deleting k from it, setting β = β + γh,
resetting βσ and θσ accordingly (they are still both
feasible) and recompute h by solving (4) again.

3. Iterate until a sign feasible β̃ is obtained.
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An algorithm for fixed t

If β̃ is sign feasible, then we can test it for optimality.
Calculate

ṽ = XT r̃/‖XT r̃‖∞

If |ṽi| = 1 for i ∈ σ and −1 ≤ ṽi ≤ 1 for i /∈ σ, then β̃ is a
solution of (2). Otherwise, we proceed as follows.

1. Determine the most violated condition, i.e. find s such
that ṽs has maximal absolute value.

2. Update σ by adding s to it. βσ and θσ are updated by
appending a zero and sign(ṽs), respectively, as last
elements.

3. Solve (4) and iterate.
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Constrained vs. penalised estimation

The constrained problem (2) is, of course, equivalent to the
penalised problem:

minimise
β∈Rm

(y −Xβ)T (y −Xβ) + λ‖β‖1 (5)

There seems to be no algorithm that solves (5) directly for
given λ. In particular in the case where n < m.

From the characterisation of solutions of (2) it follows that if
λ ≥ ‖XTy‖∞, then the solution to (5) is β̂ = 0.
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An algorithm for fixed λ

Use the same ideas as for the fixed t case.

At each step solve the following optimisation problem:

minimise
h

f(β + h) + λθT
σ (βσ + hσ) (6)

βi may be non-zero if and only if i ∈ σ.
θσ = sign(βσ).

P is the permutation matrix such that β = P
(

βσ

0

)

.

And h = P
(

hσ

0

)

.
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An algorithm for fixed λ

Let β̃ = β + h be the solution of (6).

If sign(β̃σ) = θσ then we call β̃ sign feasible.

If β̃ is not sign feasible, we proceed as follows:

1. Move to the first new zero component in direction h, i.e.
find the smallest γ, 0 < γ < 1 and corresponding k ∈ σ
such that 0 = βk + γhk.

2. Update σ by deleting k from it, setting β = β + γh,
resetting βσ and θσ accordingly and recompute h by
solving (6) again.

3. Iterate until a sign feasible β̃ is obtained.
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An algorithm for fixed λ

If β̃ is sign feasible, then we can test it for optimality.
Calculate

c̃ = XT r̃

If c̃i = sign(β̃i)λ for i ∈ σ and −λ ≤ c̃i ≤ λ for i /∈ σ, then β̃ is
a solution of (5). Otherwise, we proceed as follows.

1. Determine the most violated condition, i.e. find s such
that c̃s has maximal absolute value.

2. Update σ by adding s to it. βσ and θσ are updated by
appending a zero and sign(c̃s), respectively, as last
elements.

3. Solve (6) and iterate.
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