3. Special cases of parallel groups
study

§3.1. A general discussion

Three special cases are to be discussed in this
notes:

e Several treatments are investigated against a
standard treatment or a control;

e T'wo factors (two drugs, two medical means,
etc., which can be combined for the treatment
of patients) are investigated to see whether
there is any interaction;

e Different treatments correspond to different doses
of quantitative factor.

In all these special cases, only pre-specified con-
trasts are of the investigator’s concern. A dif-
ferent approach other than Scheffe and Tukey’s
methods is in order.



The F' test for overall treatment significance is
irrelevant in these special cases. The pre-specified
specific contrasts should be investigated regard-
less whether or not the overall F' test is signifi-
cant.

There are cases where the overall F' test is non-
significant, but still there are some significant pre-
specified specific contrasts which are non-artitacts.

(Why?)

§3.2. Several treatments versus a con-
trol

Suppose there are p groups each of whose means
18 to be compared with the same control mean.
The parallel groups design is applicable for the as-
sienment of patients to the different groups. The
data is summarized as follows:



Sample
Group size Mean Var L

0 N Xo S% —
1 ny X4 S% Ly
p Ny X, 312) Ly

e Test statistics and Dunnett’s multiple
comparison procedure

The test statistics:

S
where
p 2 p
9 Z’:O(ni — 1)52'
§° = n. = n;.
n.—p—1 " z% !
’L:

Note: Under the assumption t normality, X;—
X follows a normal distribution with mean

1; — pp and variance 200 52,

non; ’
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s? is an unbiased estimate of 02;

(n. —p — 1)s? follows a x? distribution with
dtn.—p—1;

s* is independent of X;,1=0,1,....,p.
L; tollows a t distribution with df n. — p — 1.

The Dunnett’s multiple comparison pro-
cedure:

The procedure is especially developed for the
comparison of several treatments versus a con-
trol. It compares the L;’s with the Dunnett’s
critical values given in Table A. 6 of Fleiss.

The critical values for one-sided tests and two-
sided tests are given separately. For one-sided
tests, |L;|’s are compared with one-sided crit-
ical values, and for two-sided test, |L;|’s are
compared with two-sided critical values.
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The tabled critical values are for the case of
equal group sizes, 1.e., ng = Ny = ...ny. For
unequal group sizes, the critical values are ad-
justed by a factor m defined below:
m=1+007(1— %)
no

Example: A total of 60 cockrels were as-
signed at random to receive either no treat-
ment or one of three drugs in diets. These 60
experimental birds war sacrificed at the end
of the experiment and the fat content of the

breast muscle was measured. The data is sum-
marized below:

Sample Standard
Group  size  Mean deviation L
0 15 2.580  0.258 —
1 15 2.461 0.409  —0.92
2 15 2.232  0.381 —2.70
3 15 2573  0.348  —0.05

One-sided critical value d3 56,0.05 = 2.106.

The critical value is obtained by interpolation
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between d3 40,0.05 and d3,60,0.05 as

2.10 — 2.13
60 — 40

d356,0.05 = 2.13+
= 2.106.

(56 — 40)

The treatment 2 is significantly different from
the control (reducing the fat content signifi-
cantly).

e Optimal allocation of group sizes

The variance of X; — X is proportional to
% A reduction of this variance has the ef-
fect of increasing the power of the comparison.
Let ny = --- = ny. The optimal group sizes

are
n n

ny = — n; = —
0 1+./p ! p++/D




¢ Randomization scheme with optimal
group sizes

The randomly permuted blocks scheme can be
carried out in batches of size (p + /p)r for
randomly chosen r < 4. Since /p 1s not nec-
essarily an integer, some adjustment is needed
to minimize the gap between theoretical opti-
mal size and the actual allocated size.

§3.3. Investigation of interaction

When more than one means can be used si-
multaneously for the treatment of patients, there
is a concern whether there is any interaction ef-
fects between the different means, good or bad. A
factorial design can investigate interactions. Be-
sides, it has the advantage of investigating more
than one means in a single experiment.

e 2 X 2 factorial design
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A 2 x 2 factorial design is a special case of
factorial designs. It involves two factors, each
of two levels. E.g., the first factor is whether or
not drug A is administered, the second factor
1s whether or not drug B is administered. The
treatments are the four combinations of the
levels of the two factors.

An example: In an experiment, male mice
were randomly assigned to receive one of four
treatments (non operation, castration only, adrenalec
tomy only, both castration and adrenalectomy).
Each animal was sacrificed at a fixed time af-
ter the operations and its thymus gland was
weighed. Sample sizes in the four groups are
equal at the time of operation, but mortality in
the immediate postoperative period produced
unequal sample sizes at the time of sacrifice.
The data is summarized below:



Group Castration Adrenalectomy n; X; S;

1 no no 13 26.2 4.51
2 yes no 14 374 4.85
3 no yes 10 32.1 7.56
4 yes yes 8 43.0 6.55

e Interaction and its test

Effects of one factor within a level of
the other factor:

Effect of Castration without adrenalectomy:
LEoig = 2 — 1.

Effect of Castration with adrenalectomy:
Ecia = pa — ps.

Effect of adrenalectomy without Castration:
L AlC = B3 = K1

Effect of adrenalectomy with Castration:

Lo = Ha — 12
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Interaction effect:

Eac = Eoja— Eoja= Bajc— Bac
= 4 — 13 — 12 T+ H].

Test statistic for interaction:
Let 11; be estimated by X;. Then

EAO:X4—X3—X2+X1.
Test statistic:

Eac
Lyc = —————;
Var(E 40)
where
- S
Var(E o) = s Z —
i=1 "

Under the hypothesis of no interaction, L 4¢
has a t-distribution with df n. — 4. The inter-
action effect is claimed significant at level o
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if
|LAC| > tn.—4,oz/2'

Back to the example:
EO|A — XQ—X1—112
EO|A — X4—X3—109
EAC — EO|A EO|A = —0.3.

5 12X 45174 - 47 x 6.55°

S —
124 +7
= 33.2823.
—0.3

Lac =
/332823 % (4 + ])
= 0.8

Lac] = 0.08 < t41,0.025 = 2.019541. The
interaction effect is not significant.

11



e Inference on main effects

The main effect of a factor is defined as its
averaged within-level effects. For example, the
main effect of castration is

Eoja+t Eo)a
Eo = .
2
Note:
1. The concept of “main effect” is defined when

more than one factors are imvolved.

.The “main” effect of a factor 1s. in general
) )

not the “pure” effect of that factor when
it 1s administered alone. The “main” effect
is equal to the “pure” effect only when the
interaction effect is zero.

. Analysis of “main” effect when interaction

effect is non-zero is meaningless. It only
makes sense when the interaction is found
non-significant.
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Estimation of main effects when in-
teraction 1s zero:

Intuitively, main effect can be estimated by
the simple average of the estimated within-
level effects. Due to different sample sizes, a
more efficient estimate is given by the weighted
average of the two estimated within-level ef-
fects, with weight being inversely proportional
to their variances.

Since
A 1 1
Var(Ep 4) = 0%(— + —
ar( O|A> o (m + n2>’
A 1 1
Var(E — ol(— 4+ —).
ar( C|A> g (n3 - n4>

the weights are determined as

mny 4= n3ng
olA =

Wo A =

ny+ny’ n3+n4'

The estimate of the main effect E is then
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oiven by

. Woabopatweiakcga

= .
¢ Weol4A T WA
— A 82
Var(Epq) = - .
Wol4A T WA
Test statistic:
Ec

L

C — — - .

\/ Var(E¢q)
Lo ~ t, 4 under the null hypothesis of no
main effect of C.

Back to the example:

13 x 14 10 x 8
= = 6.74 = = 4.44
A 6.74 x 11.2 +4.44 x 10.9
E~ = =11.08
¢ 6.74 + 4.44 :
— A 33.2823
Var(E¢) = T8 = 2.9769,

L 1L08
¢ /2.9769

= 6.40 > t4170_025 = 2.019541.
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e The invalidity of the analysis of vari-
ance table with unequal sample sizes

When sample sizes are unequal, the ANOVA
table is not valid for the analysis. The SS of
interaction and main effects do not necessarily
provide valid measurement for the effect they
intend to measure. For example, the SS of
interaction for a 2 x 2 factorial design is given

by

2 2
SO = Z ZHZ](XZ]—XZ—X]—FX)Q
i=1 j=1

where, in terms of the notation in the previous
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summary table,

Xy = X, X = X,
X19 = X3, Xoo = Xy,

Xl. _ n1X1 + n3X3

ntng )
5 - n1 Xy +noXo + ngXg + ngXy

n|+ ng+ng+ny

The quantity in the parenthesis of SSy is, for
instance,

Xll — Xl_. — X.l —l— X
_ Xl B n1 X1+ n3Xs B
~ n —|_—n3
n1Xq1 + neXoe n
ny+mnz ~ ~
n1 X1+ neXo + n3 X3 + ny Xy
Ny + N9 + N3 + Ny .
n n n —
= (l-— 1 ) X1 —

ny+ng ni+ny nN1+ng+n3t+ny
T2 T2

n1—|—n2_n1—|—n2—|—n3—|—n4 h
n n _
ni + ng Ny + N9 +n3g + Ny
ns —

ny -+ no + ng -+ ny
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When ny = --- = n4 = n, it reduces to

1 _ _ _ _
Z(Xl — X9 — X3 + X4>,

which is an unbiased estimate of —4F 4~ and

ss,

But, in general, SS7 does not provide any mean-
ingful measure on the interaction effect.

e Power for testing interaction effect

Let Ag be the size of effect considered physi-
cally meaningful and the error variance o2 is
known. To test the main effect of this size at

level o in the absence of interaction, the power

1S
Apy/n

o

L =By =Pr(Z > 249 — ).
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To test an interaction of the same size, the
power 18

ANIVAD )
20
For a fixed power 1— (3, the sample size needed

for the test on main effect is
o

Ny = [A_O(ZQ/Q - Zl—ﬁ)]Q-

1—ﬂ[:PT(Z>Za/2—

But the sample size needed for the test on in-

teraction 1s

o)
ny = 4[A—O(Za/2 — Zl—ﬁ)]Q — 4nM

3§3.4. Bonferroni criterion for multiple
comparisons

In multiple comparison, if the contrasts to be

tested are pre-specified and the number of these
contrasts is small, the Schefle’s approach to con-
trol overall error rate is conservative.
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Let K be the number of contrasts to be tested.
Suppose « is the overall error rate to be con-
trolled. To control the overall error rate, the Bon-
ferroni criterion controls the error rate for each in-
dividual contrasts at a lower level than «, see, for
the contrast k, the rate is controlled at o (< «),
subject to that the individual error rates sum up
to a, 1.e.,

K
Z . = .
k=1

The allocation of the aj’s can be determined
by a consideration of the seriousness of the type
I error associated with each of the contrasts. In
general, ;. can be taken equal for all £, i.e.,

o = a/k.
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The rationale of Bonferroni criterion:

Let A; be the event that contrast k£ is erro-
neously claimed significant. The probability that
at least one such event occurs, which is the overall
error rate to be controlled, is given by

K K
Pr(UgyAy) < 3 Pridp) =) oy,
k=1 k=1

§3.5. Dose-response studies

e Purpose of dose-response studies

In dose-response studies, the treatments are
different levels of a quantitative variable, i.e..
the doses of a drug.

The purpose of the studies is not to see whether
there is any difference among the responses to
the different doses, but rather to find a rela-
tionship between the response and the dose.
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Let X; denote the response to dose Z;. The
following regression relationship is to be inves-
tigated:

E(X;) = Bo + 01Z; + BoZ7.

By convention, Z; is taken as Ing(dose; /dose; )
where doseq is the smallest dose, since dose
15 usually increased by doubling the previous
dose.

In a dose-response study, parallel groups de-
sign is applied to different dose levels. The
observations are assumed to have the follow-
ing relationship:

>
Xi; = Do+ P14 + oZ; + €5,
1=1,...,9;, 7=1,...,n,.

Example: Rickets was experimentally induced
in a sample of rats by teeding them a diet de-
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ficient in vitamin D. The diet was ten supple-
mented by one of three doses of vitamin D and
the degree to which the right knee was healed
was measured. The doses are 3.5, 7 and 14.
The Iny transtormed doses are 0, 1 and 2. The
data is summarized in the following table:

Group Dose n, X; S;
1 5 (0) 10 1.80 1.09
2 0(1) 8 3.31 1.63
3 14() (2) 13 3.42 1.02

There is a key difference between the dose-
response regression model above and a gen-
eral regression model. That is, in the dose-
response study, at each value of the covariate,
there are multiple independent observations,
while in a general regression model, there is
usually only one observation at each value of
the covariate.
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The task of analysis:

1. To evaluate whether the regression relation-
ship is adequate for describing the relation-
ship between response and dose.

2. 'To test whether it should be a quadratic
model or and linear model.

e Estimation of the regression model

The estimation of the regression coeflicients
can be made by least square (LS) method based
either on the raw individual data or based on
the summarized data. Note:

g n;
ZZ — PiZi — B Z})

g i
:ZZX - Xi] +ZnX Bo = BiZi = 2]

3
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Let

NARViOYA 1/anlQ
7 _ V12 \/7'L2Z2 1/nQZQQ

. . . 2
] N \/nng ) /nng ]

L X
B o
B=|m|. a=|"
_52_ _Xg_

The LS estimate of 3 is given by
B=(Z2)'Z%x.

e Checking the adequacy of the regres-
sion model.

In general regression analysis, the adequacy of
the model is checked by residual analysis. The
parallel groups design for the dose-response
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study allows a particular F' statistic to be used
for this purpose The statistic is given by

. 1nZ(X X)
(g—3)s*

where s“ i3 the usual pooled estimate of the
error variance o2, and X; = 8o+ 31Z; +52Z 2

F—

2

If the regression model is adequate, the F' statis-
tic above follows a F-distribution with df g —3
and v = n. — g. The hypothesis of adequacy
is rejected if F' > F 3u.a/3

The significance level is adjusted by Bonferroni
criterion, taking into account three tests are to
be conducted in the whole analysis.

If the F test is significant, other models or
variable transformations should be explored to
seek for an appropriate model.
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If g =3, then F' = 0. The adequacy checking
step 1s skipped.

e Determining the order of the regres-
sion function

If the F-test is non-significant, further tests
need to be carried out to determine whether a
quadratic or a linear model is appropriate.

By the L5 theory, when the model is adequate,
the LS estimate 3 follows a multivariate nor-
mal distribution with mean B and variance-

. . _ /
covariance matrix o?W ™1, where W = Z Z.

The test statistic for the significance of a com-
ponent of 3 is given by

b
sV WL+’
where WIHLIH] ig the (7 + 1)th diagonal el-
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ement of W1,

It g =3, the L, is compared with ty /4 oth-
erwise, it is compared with t, o /6:

If B = 0 is not rejected, the simple linear
regression model should be re-fitted to get new
estimates of By and (3.

e Confidence band of the regression func-
tion

A confidence band for the regression curve f(Z2) =
B+ P14 + 52Z2 is given by

f(Z> + \/?)Fg_g%ase(f(z)),
where

se(f(2) = sV 2 W1z, 2= (1,2, 2%

/
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e Back to the example:

In the example,

31 34 60 |
W= |34 60 112 |,
|60 112 216 |
- .1000 —.1500 .0500 |
W=l =|—.1500 .7442 —.3442 |
0500 —.3442 1692

/

AN

3 = (1.800,2.213, —0.703),

$% = 1.4920.

The test statistic for (9 is
B —.703
/14920 x 0.1692

|Lo| < tu,a/4 = 1280.0125 = 2.36, for a =
0.05.

Lo = —1.41.
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A simple linear regression model is re-fitted.
The fitted regression function is given by

N

X =2.007 +0.786Z.
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