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Abstract

This note considers a paradox arising in the least-squares estimation of linear regression models in which the error
terms are assumed to be i.i.d. and possess finite #th moment, for » € [1,2). We give a concrete example to show that
the least-squares estimator of the slope parameter is inconsistent when the intercept parameter of the model is given.
However, surprisingly this estimator is consistent when the intercept parameter is intendedly assumed to be unknown and
re-estimated simultaneously with the slope parameter. (©) 1999 Elsevier Science B.V. All rights reserved
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1. Introduction

Consider the multiple regression model:
vi=Pixa+- 4 Ppxipte&, i=12,...,

where x;; are given explanatory variables, f=(f1,...,f5,)" is the vector of unknown regression coefficients and
¢;’s are i.i.d. random errors. The least-squares estimate (LSE) b, = (b,1,...,b,,)" of the vector B based on the
design matrix X, = (x;;)1<i<n1<j<, and the response vector y, =(y1,...,y,) is given by b, = (X, X,) "' X p,.
When XX, is nonsingular and Var(g;)<oo, b, is the best linear unbiased estimator of B (Gauss—Markov
theorem), and is a consistent estimator of B if and only if Ayin(X,X,) (the smallest positive eigenvalue of
X X,) converges to infinity as » tends to infinity (Drygas, 1976). There has also been a lot of research work
done on the strong consistency of b,, references are made to, among others, Lai et al. (1979) and Chen
et al. (1981,1983). Since the LSE possesses good properties for both small and large sample theory when the
variance of the ¢; is finite, it is the most commonly used estimator of B in the literature. When the error has
finite #th moment only for some » < 2, some properties of the LSE can be found in Bai (1982).
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If some of the regression parameters are known, say (fBy+1,...,p), then one can reset the above linear
model as

Zn=DYn — ﬁq+1xn,q+l - ﬁpxnp Prxps + -+ ﬁqan + &

This new model has a smaller number of parameters. In such case, there are two ways to estimate the
parameters (f1,..., ;) by using the two models, respectively. Which model will give a better estimator? It
is a common belief that a model of a smaller number of parameters should provide better estimators (more
efficient or of smaller MSE). In most cases, this belief has been confirmed. However, Chen and An (1997)
raised a challenge to this belief. They constructed a linear regression model as follows:

yi=Ppxite, 1<i<n, (1)

for which the LSE ﬁn of f was shown to be inconsistent, where the errors have finite absolute first moment.
On the other hand, it was shown surprisingly that the LSE f, of f is weakly consistent when intendedly
adding an intercept term to model (1), i.e.,

yvi=o+px;+e, 1<i<n. (2)

It should be noted that gaining the consistency of the LSE ﬁn of f does not cause any serious trade-off to
the estimation of a. That means, both the estimators of o and f are consistent (i.e., &, — 0, in prob.). This
paradox strongly challenges the unjustified belief and shows that reduction of parameter dimensions does not
always benefit the statistical inferences.

In Chen and An (1997), the errors are constructed to have the finite first moment only, that is, for any
r > 1, their rth moment is infinite. It is natural to ask, what will happen when the errors have finite rth
moment, for 1 < r < 2. Does there exist a number ry € [1,2) to ensure that the consistency of the LSE for
the over-parameterized model implies the consistency of the LSE for the true model, provided the error has
finite » > rp moment? To gain a deeper insight into this problem, we continue the study on the paradox for
the LSE in linear regression models. Through a universal example, we show that for any 1<r < 2, there is
a linear regression model (1), for which ¢; has finite absolute »th moment, the LSE is inconsistent whereas
the LSE under over-parameterized model (2) is consistent. Furthermore, the construction is simpler than those
given in Chen and An (1997).

It is well known that the LSE of the regression coefficient f for the model (2) is

n n n
B,= Z (x; — )?,,)y,»/ Z (x; — )E,,)z, where X, = Z x;/n,
i=1 i=1 i=1

while that for the model (1) is

n n

2 § : § : 2

= x[yi xi .
i=1 i=1

Intuitively, estimating o would lead to lower efficiency. Thus, we expect /? to be a better estimator. However,
this is not always true when Var(e;) is infinite. In fact, this is the case when ¢;’s are iid with finite non-zero
variance, i.e., if ﬁ is consistent, so must ﬁ be. And, based on the fact that Y 7 (x; —X,)?> may have a much
lower increasing rate than Z:’ , X7, it is easy to construct an example showing that the converse is not true.
However, the superiority of [3 to /3 may no longer hold when Var(e;) does not exist.

This abnormal behavior of the LSE when the ¢;’s possess finite #th moment, where 1<r < 2 is just the
main point of the study of Chen and An (1997) and the present paper. In Section 2, an example is constructed
for which E|e;|” < 0o, 1<r <2 and the main proposition shows that §, — f whereas lim sup |[}n — Bl =
Some discussions and conclusions are given in Section 3.



Z.D. Bai, M. Guo | Statistics & Probability Letters 42 (1999) 167—174 169
2. Construction of the example and proofs of the main proposition

In this section, for model (1), we define a design sequence x1,x;,... and a sequence of i.i.d. random errors
{&} so that E(¢;)=0 and E|¢;|" < oo, for 1 <r < 2. We comment herewith that the distribution of the errors
can be discrete, singularly continuous or absolutely continuous, although what we constructed is discrete.
This can be seen from the fact that the results given below remain true if the error sequence is replaced by
;=& +n;, where n; is absolutely or singularly continuously distributed and has finite second moment. In the
next step, we show that ﬂ converges weakly to f but not /3 Substituting (1) into the definitions of ﬁ and

B, we get

by=P, - ﬁ:ixﬁi i xp. by=, _ﬁ:i(xi _)En)gi/i(xi)_fn)zy
i=1 i1 i1 i1

where ¢, ¢, ¢&,... are i.i.d. with E(¢) =0. Let 1 <r < 2. We shall show the following proposition.

Proposition. There exists a d.f. F of ¢ and a design sequence x1,x,,..., such that
E(e) =0, Eleg|" < oo,
13,, -0, inpr.

whereas b, — 0, in pr.

Proof. We split the proof into several pieces.
(a) The construction of the distribution and some inequalities
Select 0 < A < 1 and m (large) such that

mi(2—r)y>4 and m(l1-A)(r—1)<1.
This is possible since 2 —r > 0. For k>2, set
=Pe=k")=k"""2.
Since Y 2, pe< Do, k7% < 1, we have

o0
pI:P(sz—a)zl—Z pr > 0.
k=2

By choosing

a=p;' i k™ pe = pi! i fmm D2 < oo,

k=2 k=2
we have
E(e)=0
E(le]")= p1a” + Z k™2 < oo
k=2

and

nP(le|=n"")<E(|e| I(|e]=n"")) — 0. (3)
Set n; = [k™*]. Then, we have

log ny log ng+1
mrloglogn,  mrloglogny;
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and

Mirt ey o (—S108M YT
ng mrloglog ny

Here and in the sequel, a; ~ by means a;/b; — 1. For ny < n<ny, we also have

o0
E81(|8| an/r) = Z j—mj(r—l)_2
J=k+1

~ (k 4 1)7m(k+1)(r71)72

- logl 2
S (w) L (<r<2) @
log 41
S log|
Eel(el>m = " 7= (k4 1) = (S8 ) =) @)
i log n+1
J=k+1
and
k
E52[(|&| < nl/r): plaZ +ijj(2—r)—2
j=2
~ kmk(2—r)—2
yr (loglogm \’
2—r)/r
= — 1<r<?2).
K <lognk>’ (Isr<2) ()

Here and in the sequel, a; ~ by means 0 < ¢ < a; /by < C < oo for some 0 < ¢ < C.
(b) The construction of the designs and related inequalities
Let

X1 :xZZI, X3=—1

and for i >4,

N\ 3
loglogi . - -2
x,-:(?(i)i(l_’)/’( lgogig ) if for some k, m, "n,, <i<n, nj,y,

loo log i\ /2
x; = 00" (()f();gl) otherwise,
i

where 0 < 5 < A such that m(1 — A)(r — 1) < 1 and 0(i) = —1 for i = 0(mod(3)) and 1 otherwise. Then we
have

" 2oy (loglogm \ 07" :
o () e
— log ny

n
_ loglogn ) »
Z 2> " (M> if me <n < nf. (6)
= log ny
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Here, a; > by means a; > cb; for some ¢ >0 and all k. For the first case, applying Lemma A.1 (see
Appendix), we have

n .\ 6
loglogi

2 2(1—=r)/r

E xX; > E A I (—logi

i=1 "Ilf_y, ’7Z+1$i<"liilnlf+1

P 6

loglog (’717/71/L ) —)_ A —r)/r — —r)/r

> el B (CHICUIRD b U R Catly
log (n,™"ni )

6 A2—r)/r
@—r)r ( loglogny Mg+ 1
>n " ’<

log 1 Ny
6—mA(2—r
s g log log e '
k log 1y

For the second case, we have
~ 2—2ryr (loglogi
DT D DI Tlogi
i=1

_ loglogn
> 070l (RERE )

rzzzink<i<nk

log ny.
_~yr [ loglogn
= (g £ ") (1+o(1)).
log ny,
From the definition of the designs, it is easy to see that
ox 1
lim o= % 1

This simply implies that

n =\ {1 2
lim sup —Ei:l (,,xl 2x,,) =1 —liminf 7(2’:”1 i )2
n—00 doict Xi n—oo MY X
n 12
1~ liming = g0 (7)
n—oo 9n Yl X

When n=[n; *n},, — 2], we have
3
zn: o~ bl loglogn
— ! logn
and

. loglogn\®
DR AET (ﬁ) .
— logn
Thus,

-3 —3m(1—2)(r—1
72?:1 Y pr—ir loglogn ~ =D log log ny, +m(1=2)r=1)
Z?:l x[2 B logn Tk log ny :

(8)
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(c) The proof of the proposition

Truncation. Define &, = &l <y,

ho— Z?:l Xi&in and b — er'l:l (x; — Xn)ein
nn — n nn —

i X Doy (i = %)
By the fact E(|¢|") < oo and from (3), we have
P(byy # by)<nP(le|=n""") — 0.
By the same reason, one can show that
P(by, # by) — 0.

Convergence of the main part

Now, we proceed to show that

bun — E(bpy) — 0 and by, — E(byy) — 0 in pr. 9)
For the first conclusion of (9), it is sufficient to show that
Var(hp) < E(,fi”) 0.
P

The above limit follows from (5) and (6). Then the first conclusion of (9) is proved.
Noticing the relation (7), the second conclusion of (9) can be proved in a similar method.

The non-convergence of b,, and the convergence of by,

The consistency of b,, follows from the second conclusion of (9) and the fact that E(by,) = 0. Thus, to
complete the proof of the proposition, one needs only to show that E(b,,) - 0. In fact by (4), (4') and (8),
we have

Ee) S x_ EGI(e] =0 Y x

~Ebm) = 5w ST 2
)
m(1—=2)(r—1)—1
(loglog’“’> if1<r<2
_E(Bni1) ~ log e )
loglog ny, 1
log ny '
— 0.

3. Discussion

For the multiple regression model y; = Bix;i + -+ 4+ Ppxip + &, the LSE is obtained by minimizing the
following sum of squares:

SSE = mi i — i1 — i 2.
rg}g;(y Bixa Bpxip)
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When Var(e;) =02 < 00, y,=( Y1,...» V) is a member of an L, space. Thus, the above orthogonal projection
will give a good approximation to the mean vector, which is a member of the p-dimensional sub-space
spanned by the vectors (xi1,...,Xs1),...,(X1p,...,Xsp) . In such a case, SSE/(n — p) turns out to be a natural

estimator of the variance o2 of ¢’s. Therefore, SSE can act as a good criterion to find a good estimator of
the regression coefficient vector. Consequently, it can be proven that ﬁn is always better than ﬁn in the sense
of consistency or asymptotic normality.

However, when Var(e;) = 0o, y, is no longer a member of an L, space. In such cases, the criterion SSE
turns out to be improper for the parameter estimation and the LSE would behave weirdly. Intuitively, when
E(|e]") < o0, y, becomes a member of an L, space, and thus the minimization

n
StE=min > [yi = P =+ = fyxiyl’
s
i=1

should be a better criterion for the parameter estimation and provide a better estimator than LSE. Of course, the
centralization condition (zero mean for LSE) should be changed as Eesign(e). If the LrE method is employed,
we believe that the estimator under the true model is always better than that under the overparametrized
model.

Secondly, it is seen from the proof of the proposition that b, — E(I;nn) — 0 is always implied by b,, =

— E(by,) — 0, due to the fact that SrxE > S l(x, %,)?. Conversely, the latter is implied by the

former if Yo (o — %,)? has the same order as S lxl (as in our example). Intuitively, B always has a
“smaller” random part than Byn. The inconsistency of by, is just caused by the fact that E(bn,,) - 0.

Finally, it will also be of interest to find examples of linear models for which b, is strongly consistent
while b, is not, when E(|e|") < co.

Appendix
The following lemma is trivial in calculus. We cite it for ease of reference.

Lemma A.1. Assume that a € (0,1), b and c are real numbers and that A and B are integers. Then, as
A > B — oo, we have

1
= o )(Al “Jog? Aloglog® 4 — B'~log® Bloglog® B).

4
Z i~log’ iloglog®i =
i=B
Proof. The lemma can be proved by using the trivial inequalities
A 4 A
/ x"“log’ xloglog’ x dx < Z i~log’iloglog‘i < / x"“log’ x log log® x dx
B —B -1

and the integration by parts

y
1 .
/ x"“log’ xloglog’ x dx = T4 (A'~log” Aloglog® 4 — B'~*log” Bloglog® B)
B —da

y
—7 a/ x~%bloglogx + ¢)log” ! xloglog® ™' x dx.
—alJg
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