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Abstract

We consider the problem of model (or variable) selection in the classical regression model
using the GIC (general information criterion). In this method the maximum likelihood is used
with a penalty function denoted by Cn, depending on the sample size n and chosen to ensure
consistency in the selection of the true model. There are various choices of Cn suggested in
the literature on model selection. In this paper we show that a particular choice of Cn based on
observed data, which makes it random, preserves the consistency property and provides improved
performance over a �xed choice of Cn. c© 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction

Consider the multiple regression model

yn=Xn� + en; (1.1)

where Xn is an n×p matrix, � is a p-vector of unknown regression parameters and en
is a random error vector. The components of en are independently distributed but not
required to have the same distribution. Each component of � may be zero or nonzero.
Each subset M of {1; 2; : : : ; p} is called a sub-model. It is obvious that there are 2p
possible sub-models for the multiple regression problem. A sub-model is called a true
model if �i=0 for all i 6∈M. The problem is to �nd the smallest true model which is
de�ned to be the one whose all proper sub-models are not true models.
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Many model selection procedures have been proposed in the statistical literature for
choosing the smallest true model for multiple regression. References to earlier work can
be found in papers by Akaike (1970,1973,1974), Schwarz (1978), Hannan and Quinn
(1979), Atkinson (1980), Shibata (1984,1986), Rao and Wu (1989), Shao (1993) and
others. Some recent contributions by Bozdogan (1988) and Zheng and Loh (1995)
provide new approaches to the problem, somewhat di�erent from the earlier methods
based on cross validation, prediction error and information criterion such as AIC, BIC
and GIC.
Our object in the present paper is to pursue the investigation started in Rao and

Wu (1989) and make some re�nements, by withdrawing the restrictions placed on the
error terms and by providing a data based penalty term in the GIC (general informa-
tion criterion). We believe that our proposal will provide an objective procedure for
estimating the model to be used in regression prediction problems.
The paper is organized as follows: The proposed criteria will be stated and inves-

tigated in Section 2 by establishing some general theorems on the strong consistency.
Section 3 is devoted to the development of sample-dependent penalty functions. Some
applications to the general case will be discussed in Section 4. The simulation results
are presented in Section 5. Discussions and comments are given in Section 6. Some
technical lemmas are presented in the appendix.

2. General model selection criteria

Consider the regression model (1:1). Denote Xn=(x1n · · · xpn)= (x(1) · · · x(n))′.
Throughout this paper, Pi stands for the orthogonal projection operator onto the space
spanned by x1n; : : : ; xin. The following assumptions are needed for establishing our main
results.

Assumption 1. There are constants a1 and a2 such that

0¡a1n6�p(X ′
nXn)6�1(X

′
nXn)6a2n; (2.1)

where �i(X ′
nXn) is the ith eigenvalue of X

′
nXn.

Assumption 2. There is a constant �¿0 such that for each 16i6p,
n∑
j=1
(x jin)

3 =O[(x′inxin)
3=2= log1+�(x′inxin)]; (2.2)

where x jin is the jth component of xin=(x
1
in; : : : ; x

n
in)

′.

Assumption 3. The components of en=(e1; : : : ; en)′ are independently distributed with
zero mean and satisfy the moment conditions

0¡�26E(e2i ); E(|ei|3)6�3¡∞ (2.3)

for all 16i6n.
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We �rst consider the p consecutive sub-models {M1; : : : ; Mp}, where Mk denotes the
model �=(�1; : : : ; �k 6=0; 0; : : : ; 0)′. Let Sk be the residual sum of squares under the
model Mk . De�ne the following criterion functions:
(1) G(1)n (k)= Sk + kCnSp=(n− p); k =1; : : : ; p;
(2) G(2)n (k)= Sk + kCn; k =1; : : : ; p;
(3) G(3)n (k)= n log Sk + kCn; k =1; : : : ; p;

where Cn is a function of n satisfying the conditions

Cn
n

→ 0;
Cn

log log n
→∞: (2.4)

We propose the following selection rules based on the criteria G(i)n ’s; the selected model
is de�ned by Mk̂n for which

G(i)n (k̂n)= min
16k6p

G(i)n (k):

In the sequel, we shall call the so-de�ned selection procedure the Criterion (i).
We �rst establish the following theorem of the strong consistency of the above

criteria.

Theorem 2.1. Suppose that assumptions 1–3 hold for n=1; 2; : : : and Mk0 is the small-
est true model. If Cn satis�es Eq. (2.4), then with probability one, for all large n,
criterion (1) chooses the smallest true model. The same is true for criterion (2).

In order to prove this theorem, we need the following lemma.

Lemma 2.1. Suppose that assumptions 1–3 hold for n=1; 2; : : : , then
(L1) a2n¿x′inxin¿a1n; as n→∞; 16i6p;
(L2) a2n¿x′in(I − Pi−1)xin¿a1n¿0; 16i6p;
(L3) x′inen=O((n log log n)

1=2); a:s: 16i6p;
(L4) e′nPien=O(log log n); a:s: 16i6p;
(L5)

∑n
i=1 e

2
i =n= is bounded away from 0 and ∞ almost surely.

(L6) Sp=(n− p) is bounded away from 0 and ∞ almost surely.

Proof. Using Eq. (2.1), (L1) and (L2) have been proved in Lemma A.1. The assertions
(L3) and (L4) follow from assumptions 2 and 3 and Lemmas A.2 and A.3. Noting
that

1
n

n∑
i=1
e2i =

1
n

n∑
i=1
(e2i − Ee2i ) +

1
n

n∑
i=1
Ee2i ;

by assumption 3, (L5) is a consequence of Lemma A.4. Finally, one can derive (L6)
from (L4) and (L5).
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Proof of Theorem 2.1. Consider the case that k6k0. By (L1)–(L4) of Lemma 2.1
and Cauchy–Schwarz inequality, we have

G(1)n (k)− G(1)n (k0) = Sk − Sk0 + (k − k0)CnSp=(n− p)
¿ �2k0a1n+ �k0O((n log log n)

1=2)− (k0− k)CnSp=(n−p) a:s:

(2.5)

By the condition that n−1Cn→ 0 of Eq. (2.4) and using (L6) of Lemma 3.1, one shows
that

G(1)n (k)− G(1)n (k0)¿0 a:s:

Hence,

lim inf k̂n¿k0 a:s: (2.6)

Then, consider the case k¿k0. By (L4) of Lemma 2.1, with probability one, for all
large n, we have

G(1)n (k)− G(1)n (k0)= (k − k0)CnSp=(n− p) + O(log log n): (2.7)

This, together with the condition Cn= log log n→∞ of Eq. (2.4) and (L6) of
Lemma 3.1, implies that

G(1)n (k)− G(1)n (k0)¡0:
This proves

lim sup k̂n6k0 a:s: (2.8)

Combining Eqs. (2.6) and (2.8), we ultimately obtain

k̂n→ k a:s:

Similarly, the second assertion of the theorem can be proved. The proof of
Theorem 2.1 is complete.

The following theorem is concerned with the strong consistency of the third criterion.
Although its statement is similar to those of the previous criteria, there are some
di�erences in the proof and thus we state and prove it separately.

Theorem 2.2. Suppose that assumptions 1–3 hold for n=1; 2; : : : and Mk0 is the small-
est true model. If Cn satis�es Eq. (2.4), then criterion (3) is strongly consistent.

Proof. Note that

Sj =

 �′X ′
n(In − Pj)Xn� + 2�′X ′

n(I − Pj)en + e′n(I − Pj)en if j¡k0;

e′n(I − Pj)en if j¿k0:
(2.9)
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By (L4) and (L5) of Lemma 2.1, we have, for 16j6p,

�2 + o(1)¡Sj=n¡a2|�|2 + �2 + o(1) a:s: (2.10)

and

Sj − Sk0
Sk0

=

¿�+ oa:s:(1) if j¡k0;

Oa:s:(n−1 log log n) if j¿k0;
(2.11)

where �= a1�2k0 =(a2|�|2 + �2) is a positive constant.

Let k¿k0. Then, by Eqs. (2.10), (2.4) and (2.11), we conclude

G(3)n (k)− G(3)n (k0) = n log
Sk
Sk0

+ (k − k0)Cn

= n
[
Sk − Sk0
Sk0

+ o
(
Sk − Sk0
Sk0

)]
+ (k − k0)Cn

=O(log log n) + (k − k0)Cn¿0 a:s:

which implies that

lim sup k̂n6k0 a:s: (2.12)

Next let k¡k0. Since log(1 + x) is an increasing function of x, by Eqs. (2.11) and
(2.4) we have

G(3)n (k)− G(3)n (k0) = n log
Sk
Sk0

− (k0 − k)Cn
¿ n log(1 + �+ oa:s:(1))− (k0 − k)Cn¿0 a:s:

which implies that

lim inf k̂n¿k0 a:s: (2.13)

Results (2:12) and (2:13) establish the theorem.

3. Data-oriented penalty criteria

In the criteria proposed in Section 2, the penalty function Cn is required to satisfy the
conditions Cn=n→ 0 and Cn= log log n→∞. The actual choice of Cn is not speci�ed. In
the statistical literature, some �xed choices of Cn have been suggested such as Cn=2
by Akaike (1970,1973,1974), and Cn= c log log n for some c¿2 by Hannan and Quinn
(1979). Some comments on the choice of Cn have been made by Bai et al. (1989)
and Zhao et al. (1986). The �rst attempt to provide a data-oriented penalty function is
made in Rao and Wu (1989), which was applied to model selection problems in linear
models. Later, Chen et al. (1993) used a data-oriented penalty to select models for the
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AR time series. In this section we make some further investigations in the selection of
a data-oriented penalty.
As an example, we consider the Criterion (1). Similar results are true for the other

two criteria and the details are omitted.
For the regression model (1:1), let a sequence of experimental measurements {(y1;

x(1)); : : : ; (yn; x(n))} be available. De�ne, for a given integer q with 16q6p,

Xn(q)= (x1n · · · xqn); �(q)= (�1; : : : ; �q)′:

If the model Mq is true, it can be written as

yn=Xn(q)�(q) + en:

In the following algorithm, we propose a data-oriented procedure to select the penalty
Cn and then prove that the proposed procedure asymptotically satis�es the conditions
of Theorems 3.1–3.2, while it works well for moderate sample sizes.

1. Compute any consistent estimate �̃n=(�̃1n; : : : ; �̃pn)
′ of � and �̃2p = Sp=(n−p), where

Sp is the residual sum of squares. For instance, �̃n can be chosen to be the least
square estimate of �.

2. Compute ”̂n= yn − Xn�̃n:
3. Let �n=(�1n; : : : ; �pn)

′ be de�ned as follows:

�in=

 �̃in if |�̃in|¿�

�sign(�̃in) if |�̃in|¡�
for i=1; : : : ; p;

where the constant � is a suitably chosen threshold value.
4. Let

un(h)=Xn(h)�n(h) + ”̂n; h=1; : : : ; p;

where �n(h) is a vector of the �rst h components of �n. Compute

Dn(q; h)= Sq(h)− Sh(h); q=0; 1; : : : ; p;

where Sq(h)= (un(h))′(I − Pq)un(h). It can be shown that Sp(h)= Sp if
�n= �̃n. De�ne

�1h= min
q¡h

{
Dn(q; h)
(h− q)�̃2p

}
;

�2h= max
q¿h

{
Dn(q; h)
(h− q)�̃2p

}
;

where the maximum is 0 if the selection set is empty. Let �h=(�1h + �2h)=2:
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5. De�ne

C(R)n =
average of {�h; h=1; : : : ; p}

1 +
√b0:01nc ;

where bbc denotes the integer part of b.

Then choose C(R)n as the penalty Cn.
We comment here that the proposed data-oriented model selection procedure is

asymptotically equivalent to criterion (1) and its performance for small sample sizes
is better than procedure (1). The former is shown in the following Theorem 3.1 and
the latter is demonstrated by our Monte Carlo study given in Section 5.

Theorem 3.1. Under the assumptions of Theorem 2.1, with probability one, the
Criterion (1) eventually selects the smallest true model if Cn is chosen as C

(R)
n .

Proof. By Theorem 2.1, we need to show that

C(R)n
n

→ 0 and
C(R)n

log log n
→∞: (3.1)

By de�nition, we have

Dn(q; h) = (un(h))′(Ph − Pq)un(h)
= (Xn(h)�n(h) + Xn(k0)�(k0)− Xn�̃n + en)′(Ph − Pq)
(Xn(h)�n(h) + Xn(k0)�(k0)− Xn�̃n + en): (3.2)

Note that Xn(k0)�(k0)=Xn� and by Lemma 2.1,

�̃n=(�(k0)
′ 0′)′ + (X ′

nXn)
−1X ′

nen=(�(k0)
′ 0′)′ +Oa:s:(

√
n−1 log log n);

which implies that

Xn(k0)�(k0)− Xn�̃n=Oa:s:(
√
log log n):

Consider the following two cases for each �xed h.
Case 1: q¿h.
In this case, (Ph − Pq)Xn(h)= 0. Then, Eq. (3.2) turns out to be

Dn(q; h) =−(Xn(k0)�(k0)− Xn�̃n + en)′(Pq − Ph)(Xn(k0)�(k0)− Xn�̃n + en)
=−Oa:s:(log log n):

Note that Dn(q; h) is a negative number of order Oa:s:(log log n). Thus, �2h is a positive
number of order Oa:s:(log log n).
Case 2: q¡h.
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Note that �n(h)= �(h) + Oa:s:(
√
n−1 log log n), where � is the p-vector whose ith

element is sign(�i)max(|�i|; �). By Lemma A.1, n−1�(h)′Xn(h)′(Ph − Pq)Xn(h)�(h) is
bounded away from both zero and in�nity. Therefore,

Dn(q; h)= �(h)′Xn(h)′(Ph − Pq)Xn(h)�(h)(1 + o(1)) a:s: (3.3)

which is positive and has the exact order as n. Combining the both cases, we conclude
that C(R)n has the exact order as

√
n. This shows that Eq. (3.1) is true and hence

completes the proof of Theorem 3.1.
For Criteria (2) and (3), similarly de�ning the data-oriented penalty C(R)n , we can

establish results similar to those stated for Criterion (1) in Theorem 3.1.
The small sample behavior of the proposed procedures is studied by Monte Carlo

simulation in Section 5.

4. Extensions of the model selection criteria

In Section 2, we discussed the model selection from the p consecutive sub-models
{M1; : : : ; Mp} associated with the multiple regression model (1:1). As mentioned there,
we actually have 2p sub-models since each component of � may be zero or not. In
this section, we shall extend the model selection for all these possible sub-models. For
any true �, rearranging the components of � and the columns of the design matrix
Xn, we can get an equivalent regression model whose smallest true model is one of
the sub-models {M1; : : : ; Mp}. Then, we can apply the criteria introduced in Section 2.
Since the assumptions do not change under the rearrangement, the estimated model is
still consistent. Select the smallest k̂ among the model selections for all rearrangements.
However, this approach involves a huge amount of computation if p is large. In fact,
there are 2p residual sum of squares to be computed. Here, we suggest leave one
approach (see Rao and Wu, 1989) to select the smallest true model which needs only
the computation of p+ 1 sums of residual squares.
For each 16i6p, denote

�−i=(�1; : : : ; �i−1; �i+1; : : : ; �p)
′

and

Xn;−i=(x1n · · · xi−1; nxi+1; n · · · xpn):
Consider the model

yn=Xn;−i�−i + en:

Write the corresponding usual residual sum of squares by S−i. De�ne, for 16i6p,

G(1)n (−i)= S−i − Sp − CnSp=(n− p); (4.1)

where Cn may be chosen in accordance with condition (2:4), or as the random penalty
C(R)n de�ned in last section.
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Then, choose the model as

�i = 0 if G(1)n (−i)60 and �i 6=0 if G(1)n (−i)¿0
i=1; : : : ; p: (4.2)

We now establish the following theorem.

Theorem 4.1. Under the conditions of Theorem 2.1, the estimated model by the rule
(4:2) is strongly consistent for the smallest true model.

Proof. Suppose that in the true model �i 6=0. By Eq. (2.5) with k0 =p and k =p−1,
(L6) of Lemma 2.1 and Eq. (2.4), we have G(1)n (−i)¿0 almost surely. Therefore, with
probability one, �i is taken to be non-zero in the selected model. Conversely, suppose
that in the true model �i=0. By Eq. (2.7) with k0 =p− 1 and k =p, (L4) and (L6)
of Lemma 2.1 and Eq. (2.4), we have G(1)n (−i)¡0 almost surely, which implies that
with probability one, �i is excluded in the selected model. This completes the proof
of the theorem.

Similar to Eq. (4.1), one may de�ne for each 16i6p,

G(2)n (−i)= S−i − Sp − Cn;
or

G(3)n (−i)= n(log S−i − log Sp)− Cn;
respectively. Then choose the model by letting

�i = 0 if G( j)n (−i)60 and �i 6=0 if G( j)n (−i)¿0;
i=1; : : : ; p;

j=2 or 3.
Under the conditions of Theorem 2.1, one can show that with probability one these

criteria will eventually select the smallest true model. The proofs are similar to those
of Theorems 2.2 and 4.1, and thus are omitted.

5. Monte Carlo study

In this section, by computer simulations, we verify the small-sample performance
of the model selection rules proposed in this paper. The regression model is assumed
to be

yi= �1x1i + �2x2i + �3x3i + �4x4i + �5x5i + ei; i=1; : : : ; n;

where x1i ; : : : ; x5i ; i=1; : : : ; n, are iid N(0; 1) random variables in the examples of
Tables 1–5 and (x1i ; : : : ; x5i)′ is distributed according to N(0; A), where A=(aij) with
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Table 1
Cn =5(log n)3 and �= (6 3 7 0 0)′

Sample size C(1) C(2) C(3) RC(1) AIC SW HQ

15 993 973 876 923 683 714 592
20 998 975 917 951 705 743 630
25 1000 975 924 969 752 786 683
30 1000 975 918 982 726 769 667
35 1000 981 935 992 747 792 678
40 1000 978 935 995 769 804 698
45 1000 985 940 1000 767 819 713
50 1000 976 926 997 741 779 682

Table 2
�= (6 3 0 0 7)′

Sample size 15 20 25 30 35 40 45 50

C(1) 5(log n)3 23 11 23 48 80 95 130 251
C(1) 4(log n)2 293 287 464 625 754 824 876 955
C(1) (log n)3 322 182 191 212 221 186 181 273
RC(1) 801 792 897 955 967 960 946 986

Table 3
�= (6 3 0 0 7)′

Sample size 15 20 25 30 35 40 45 50

C(1) 5(log n)3 946 995 1000 1000 1000 1000 1000 1000
C(1) log n 752 737 747 740 731 773 742 733
C(2) 5(log n)3 999 1000 1000 1000 1000 1000 1000 1000
C(2) log n 786 773 764 763 770 782 753 734
RC(1) 998 999 1000 1000 1000 999 1000 1000

Table 4
�= (6 0 3 7 0)′

Sample size 15 20 25 30 35 40 45 50

C(1) 5(log n)3 557 983 995 1000 1000 1000 1000 1000
C(1) log n 699 718 708 720 736 770 729 763
C(2) 5(log n)3 524 1000 1000 1000 1000 1000 1000 1000
C(2) log n 743 748 739 747 754 778 747 767
RC(1) 470 963 975 1000 1000 999 1000 1000

aii=1, for i=1; : : : ; 5 and Aij =0:25 for i 6= j in the example of Table 6. In the simula-
tions, � is set to be 0.01. For Tables 1 and 2, e1; : : : ; en are chosen to be independently
distributed as N(0; u2) where u is a discrete random variable uniformly distributed
within {1; : : : ; 5}. For Tables 3–7, e1; : : : ; en are chosen to be independent and identi-
cally distributed as N(0; 1) random variables. In the tables, RC(1) denotes C(1) with
the use of C(R)n of Section 3 as the choice of Cn and the numbers shown in the ta-
bles are the counts of the correct selection of the smallest true model based on 1000
replications. In Table 5, the index is equal to −1 if the selected model is not a true
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Table 5
�= (1:2 1:5 0 0 1:3)′

Sample size Index 15 20 25 30 35 40 45 50

−1 966 976 914 816 690 612 485 404
C(1) 5(log n)3 0 34 24 86 184 310 388 515 596

1 0 0 0 0 0 0 0 0

−1 0 0 0 0 0 0 0 0
C(1) log n 0 752 737 747 740 731 773 742 733

1 247 263 253 260 269 227 258 267

−1 1000 1000 997 956 791 680 522 419
C(2) 5(log n)3 0 0 0 3 44 209 320 478 581

1 0 0 0 0 0 0 0 0

−1 0 0 0 0 0 0 0 0
C(2) log n 0 786 773 764 763 770 782 753 734

1 214 227 236 237 230 218 247 266

−1 85 75 20 6 8 4 7 6
RC(1) 0 912 923 980 994 992 996 993 994

1 2 1 0 0 0 0 0 0

Table 6
�= (6 3 0 0 7)′; var(x‘i)= 1; Cov(x‘i ; x‘j)= 0:25

Sample size 15 20 25 30 35 40 45 50

C(1) 5(log n)3 312 489 601 848 934 996 996 1000
C(1) log n 704 723 729 744 754 760 753 757
C(2) 5(log n)3 128 411 613 936 980 1000 1000 1000
C(2) log n 751 760 765 769 780 762 769 759
RC(1) 551 866 744 982 986 1000 1000 1000

model and has one parameter less than the smallest true model; the index is equal to
zero if the smallest true model is selected; the index is equal 1 if the selected model
is a true model and has one parameter more than the smallest true model. In Table 7,
M(63007) stands for the model with �=(6 3 0 0 7)′; M(60307) stands for the model
with �=(6 0 3 0 7)′; M(60370) stands for the model with �=(6 0 3 7 0)′; M(63700)
stands for the model with �=(6 3 7 0 0)′ and Data-Oriented Penalty stands for C(R)n .
In simulation, IMSL subroutines DRNNOF and RNUND were used to generate the
random numbers.
From the Table 1, it is seen that with the same Cn, the criterion C(1) is superior

to the others and that the RC(1) is comparable with C(1). The criteria AIC, SW
and HQ based on Akaike (1970), Schwarz (1978) and Hannan and Quinn (1979)
respectively, do not perform as well as C(1) and RC(1). Table 2 shows that for
the general multiple regression model, the performance of RC(1) seems to be good,
absolutely superior to all the others. Comparing Tables 1 and 2, one �nds that the
criterion C(1) with Cn=5(log n)3 performs for the two models quite di�erently but
the performance of RC(1) is very stable for di�erent models. Comparing Table 3 with
Table 4, it can be seen that in either case, RC(1) shows good performance. From
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Table 7
Boxplot

Tables 3 and 5, it can be seen that for di�erent signal-to-noise ratios, the performance
of C(1) depends on the choice of Cn but RC(1) automatically adapts to the optimal
choice of Cn’s for di�erent signal-to-noise ratios. It can also be observed from Table 5
that using Cn=5(log n)3 gives more underestimation while using Cn= log n gives more
overestimation, but using C(R)n the bias is at low level. Table 6 again shows the good
performance of C(R)n . Table 7 gives the boxplot of C(R)n for four models when the
sample size is 30.

6. Discussions and conclusions

To remedy the inconsistency of AIC, various criteria were proposed in the literature.
The cross-validation has been proved to be equivalent to the AIC. Most other criteria
use a �xed choice of the penalty function Cn such that c log log n6Cn=o(n), for some
constant c¿0, to guarantee strong consistency. However, a �xed choice may be good
in some situations and may not perform well in some other situations. As shown in
our simulation, the criterion with a data-oriented penalty has some advantages.

Appendix. Preliminary lemmas

Denote the eigenvalues of a symmetric matrix A of order k by �1(A)¿ · · ·¿�k(A).
The following lemmas are used in the proofs of the main results.
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Lemma A.1. Let b1; : : : ; bp be n-vectors and denote Wi=B′iBi where

Bi=(b1 · · · bi); i=1; : : : ; p:

If there exist constants �1 and �2 such that

0¡�16�p(Wp)6�1(Wp)6�2;

then

(1) �16b′ibi6�2; 16i6p;

(2) �16b′iQi−1bi6�2; 16i6p;

(3) �1¡�i−j(B′i(Pi − Pj)Bi)6�1(B′i(Pi − Pj)Bi)6�2; j¡i; (A.1)

where Pi is the projection matrix onto the space spanned by b1; : : : ; bi and Qi= I−Pi.

Proof. For any vector x such that x′x=1, we have

�16�p(Wp)6x′Wpx6�1(Wp)6�2:

Then the result (i) follows by choosing x′=(0; : : : ; 0; 1; 0; : : : ; 0) where the number 1
is in the ith position.
By the interlace theorem (see Sturmian Separation Theorem in Rao (1973) (p. 64),

�j(Wi)¿�j(Wi−1)¿�j+1(Wi); j=1; : : : ; i − 1: (A.2)

Note that

b′iQi−1bi=
|Wi|
|Wi−1| =

�1(Wi) · · · �i(Wi)
�1(Wi−1) · · · �i−1(Wi−1)

so that by Eq. (A.2)

�i(Wi)6b′iQi−1bi6�1(Wi):

Assertion (2) then follows, since, using Eq. (A.2) once again

�p(Wp)6�i(Wi) and �1(Wi)6�1(Wp) for i6p:

Since �k((I−Pj)BiB′i)= �k(B′i(I−Pj)Bi) and �k(BiB′i)= �k(B′iBi), for k =1; : : : ; i, by
the interlace theorem, it follows that

�i(B′iBi)6�i−j(B
′
i(Pi − Pj)Bi)6�1(B′i(Pi − Pj)Bi)6�1(B′iBi)

which, together with Eq. (A.2), implies conclusion (3).

Lemma A.2. Let Xn=(x1n · · · xkn); where xin’s are n-vectors. Assume that en’s are
n-dimensional random vectors; n=1; 2; : : : ; such that

x′inen=O(n log log n)
1=2 a:s: 16i6k (A.3)
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and

0¡cn6�k(X ′
nXn): (A.4)

Then

e′nPnen=O(log log n) a:s:

where Pn=Xn(X ′
nXn)

−1X ′
n .

Proof. Let 
in be the ith eigenvector of X
′
nXn and �n=diag(�1(X

′
nXn); : : : ; �k(X

′
nXn)):

Then the (i; j)th element of (X ′
nXn)

−1 is


′in�
−1
n 
jn=O(n

−1)

using condition (A.4).
Now by Eqs. (A.3) and (A.4), it follows that

e′nPnen= e
′
nXn(X

′
nXn)

−1X ′
nen=O(log log n);

since each component of e′nXn is O((n log log n)
1=2) and each element of (X ′

nXn)
−1 is

O(n−1). The lemma is proved.

Lemma A.3. Let ”1; ”2; : : : be a sequence of independent variables with zero mean
such that 0¡�26E(”2i )= �

2
i and E(|”i|3)6�3¡∞ for i=1; 2; : : : : If a1; a2; : : : is a

sequence of constants such that
(I) An=

∑n
i=1 a

2
i →∞ as n→∞;

(II)
∑n

i=1 |ai|3 =O(A3n(logA2n)−(1+�)) for some �¿0;
then; almost surely;

n∑
i=1
ai”i=O(A2n log logA

2
n)
1=2: (A.5)

Proof. Let B2n=
∑n

i=1 �
2
i a
2
i and let Fn and � denote the distributions of B

−1
n

∑n
i=1 ai”i

and the standard normal random variable, respectively. Since 0¡�26�2i and E(|”i|3)
6�3 for i=1; 2; : : : , by the Theorem 3 of Petrov (1975) (p. 111) and Assumption (II),
we have, for some constant M¿0,

sup
x

|Fn(x)− �(x)|6MB−3n
n∑
i=1

|ai|3E|”i|3

= O
(
A−3n

n∑
i=1

|ai|3
)
=O((logA2n)

−1−�): (A.6)

Now from Assumptions (I) and (II), it follows that

A2n−1
A2n

=1− �2na
2
n

A2n
→ 1: (A.7)



Z.D. Bai et al. / Journal of Statistical Planning and Inference 77 (1999) 103–117 117

By Assumption (I), Eqs. (A.6) and (A.7), (A.5) follows from Theorem 3 of Petrov
(1975) (p. 305).

Lemma A.4. Suppose that �1; �2; : : : are independently distributed random variables
with zero means and bounded (1 + �)th moments for some �¿0. Then

1
n

n∑
i=1
�i→ 0 a:s:

A proof of this lemma can be found in Chung (1974).
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